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Let T be a split torus over local or global function field. The theory of Brylinski-Deligne
gives rise to the metaplectic central extensions of T by a finite cyclic group. The rep-
resentation theory of these metaplectic tori has been developed to some extent in the
works of M. Weissman, G. Savin, W. T. Gan, P. McNamara, and others. In this paper we
propose a geometrization of this theory in the framework of the geometric Langlands

program (in the everywhere nonramified case).

1 Introduction

In this paper we propose a setting for a twisted (nonramified) geometric Langlands cor-
respondence for a split torus in the local and global case. Here ‘twisted’ refers to the
quantum Langlands correspondence as outlined in [13, 22] with the quantum parameter
being a root of unity.

In [23, 24] Weissman has proposed a setting for the representation theory
of metaplectic groups over local and global fields. In his approach the metaplectic
groups are central extensions of a reductive group by a finite cyclic group coming from
Brylinsky-Deligne theory [8]. Considering only the case of a split torus T, we first review
the approach by Weissman and prove some related results for automorphic forms over

these metaplectic groups in the form we need. This is our subject to geometrize.
Received January 20, 2014; Revised October 14, 2014; Accepted October 22, 2014
Communicated by Prof. Dennis Gaitsgory

© The Author(s) 2014. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permissions@oup.com.

9102 ‘2 Yyore |\ uo 1senb Ag /B10'seulno [pojxo-uiwi//:dny wouy pepeojumoq


http://imrn.oxfordjournals.org/

Twisted Geometric Langlands Correspondence for a Torus 8681

In the geometric case we work with Q,-sheaves to underline a relation with the
results on the level of functions (a version for D-modules should also hold as in [22]).
Let k be an algebraically closed field. In the local case, for F = k((t)), we consider central
extensions 1 — B(u,) - E — T(F) — 1 coming from Heisenberg «-extensions of [6]. We
construct a category of perverse sheaves equipped with an action of E, which is a geo-
metric analog of the corresponding irreducible representation on the level of functions.

In the global case, we start with a smooth projective curve X over k. Let Bunr be
the stack of T-torsors on X. We explain how the Brylinski-Deligne data yield a u,-gerbe
Bfﬁ/nm — Bunr. For an injective character ¢: un(k) — (@j let D, (Bfﬁ/nm) be the derived
category of Q,-sheaves on B/I\JJIIT’)L on which (k) acts by ¢. We define Hecke functors
on this category leading to the problem of the corresponding spectral decomposition.
Finally, for each spectral parameter E we find a Hecke eigen-sheaf Kg corresponding
to this parameter and irreducible (over each connected component). It is expected to be
unique, but this is not proved yet.

The sheaf Kg is a local system. We expect that for E trivial it coincides with
the Heisenberg local system constructed by Bezrukavnikov et al. in [7] (in the setting
of D-modules), but we could not check this. Our result should also be related to the
equivalence of categories of modules over some sheaves of twisted differential operators

on abelian varieties obtained in [20].

2 Main Results
2.1 Notations

For a central extension of groups 1 - A— E — G — 1 we denote fora,be G by (a, b); € E

the commutator. If @, b € E are over a, b € G, then
(a, b).=aba 'h'.

Call a map c: G x G — A alternating if c(a,a) =1 for all ae G. If G is abelian, then
(a,b)c € A, and the map (-,).: G x G — A is bimultiplicative, alternating, and satisfies
(a,b)c(b,a).=1fora, beG.

Let kbe an algebraically closed field of characteristic p > 0 (everywhere except in
Section 3, where we assume k=1F,). Pick a prime ¢ invertible in k. Let Q, denote an alge-
braic closure of Q. All our schemes or stacks are defined over k. For an algebraic stack
S locally of finite type write D(S) for the category introduced in [16, Remark 3.21] and
denoted by D(S, Q;) in [16]. It should be thought of as the unbounded derived category of

constructible Q;-sheaves on S. Our convention is that a super line is a Z/2Z-graded line.
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Let X be a smooth projective absolutely irreducible curve over k. Write g for the
genus of X. For an algebraic group G over k write B(G) for the stack quotient of Speck
by G. Denote by Bung the stack classifying G-torsors on X. For a split torus T, a T-torsor
F on a base S and a character 4 of T denote by £§T the line bundle on S corresponding to
the push-forward of F via A : T — Gp,.

For a notion of a group stack and an action of a group stack on another stack we

refer the reader to [14, Appendix Al.

2.2

Let A be a free abelian group of finite type, set A = Hom(A,Z) and T = A ® G,y,.

In Section 3 we assume k finite, let A be the adeles ring of k(X). We consider a
central extension E of T(A) by a finite cyclic group as in [23] coming from the Brylinski—
Deligne theory [8]. We present basic results about the representation theory of E in the
everywhere nonramified case. They are partially borrowed and partially inspired by the
works of Weissman [23, 24]. This is our subject to geometrize.

Starting from Section 4 we assume k algebraically closed. Recall that Bunr
denotes the stack of T-torsors on X. This is a commutative group stack. In Section 4
we review a relation between gerbes on a given base Z and central extensions of the
fundamental group of Z. We also review and introduce notations for the category of
0-data of Beilinson and Drinfeld [6] and review its relation to the central extensions of

Bunr by G,.

2.3

In Section 5 we consider the twisted geometric Langlands correspondence for a torus
in the geometric setting. In the local case, we let O =kl[t]l C F = k((t)). Let k: A Q@ A — Z
be an even symmetric bilinear form. Pick n> 1 invertible in k, let ¢: un(k) — Q’g be an
injective character. The Heisenberg «-extensions of T(F) [5, Definition 10.3.13] give rise

to a central extensions of group stacks
1— B(up) > E— T(F)— 1. (1)

We introduce a category of some Q,-perverse sheaves equipped with an action of E,
which should play the role of a unique irreducible representation of E with a given
central character extending ¢. The central extension (1) splits over T(0O), we also describe

the geometric analog of the corresponding nonramified Hecke algebra (as in [21]).
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In the global case our input data are as follows. Let 6 = (x, A, ¢) be an object
of the category P?(X, A) of theta-data (cf. Section 4.2.1 and 5.2). Assume k: A ® A — Z
even. It gives rise to a line bundle, also denoted as A on Bunr, it is purely of parity zero
(cf. Section 5.2). We assume that the associated map 8,: A — A (defined in Section 4.2.1)
equals «. Pick n> 1 and an injective character ¢: u,(k) — @Z

Let B’ﬁ/n“ be the gerbe of nth roots of A over Buny. Let
A ={ue Alk(u,v)enZforall ve A}

Set TF = A* ® Gy, let i: T* — T be the corresponding isogeny. Let ix: Bungy: — Bunr be
the corresponding push forward map, and Bfﬁ/nT:Ar,\ the restriction of the gerbe B’ﬁ/nm
under ix. Let «* (resp., 6% € P?(X, A")) denote the restriction of « (resp., of A) to AF.

As a part of our input data, we pick an nth root of 6% in P?(X, A%). It always
exists under our assumptions and gives rise to a section s: Bung: — Bfl\l/nT:,)\ of the gerbe
BTfnTU — Bung:. For u € A we denote by Bun/, the connected component of Bunr defined
in Section 4.2.1. Let B’ﬁ/n‘}’,\ be the preimage of Bun/s in Bunr,,.

Let D((Bfffn';’/\) be the bounded derived category of Q,-sheaves on Bfl\fn';w,k, on
which u,(k) acts via ¢. We have used here the natural action of w,(k) on Bfﬁln” by 2-
automorphisms. Write D, (BTfnT,A) for the derived category of objects whose restriction
to each connected component Buny., lies in D, (Bun, ). For u € A* define D, (Bun?. ,) sim-
ilarly, we also get Dg(B’ﬁ/nT:J) as above.

The map s yields an equivalence s*: D, (Bfl\fnTu,x) 5 D(Bung:). Our main results

are Propositions 2.1 and 2.2, and their proof is found in Sections 5.2.2-5.2.4.
Proposition 2.1. Let u € A with u ¢ A*. Then D, (Bfﬁ/n‘}’k) vanishes. O

We define an action on Buny: on B’Hn” in Section 5.2.3. Let T* be the torus dual
to T* over Q. Let E be a T#-local system on X. We define a notion of a E-Hecke eigen-
sheaf in D, (BTfnT, »). The geometric Langlands problem in our setting is to find a spectral
decomposition of D;(Bfﬁ/nT, ») under the action of Buny:.

The map ix lifts to a morphism 7 : BTfnTu — Bunr, defined in Section 5.2.2. Let
AE Dbe the automorphic local system on Bunr: associated to E (cf. Section 5.2.3). Let

We D, (BflTnTM) be an object equipped with s*W — AE.

Proposition 2.2.

(i) The local system =, W e D{(B’ﬁ/nT,,\) is equipped with a structure of a E-Hecke

eigen-sheaf.

9102 ‘2 Yyore |\ uo 1senb Ag /B10'seulno [pojxo-uiwi//:dny wouy pepeojumoq


http://imrn.oxfordjournals.org/

8684 S. Lysenko

(ii) There is Kg € D, (B’ffnm), which is an irreducible local system over Bfffn’},A
for n € A* and vanishing over B’ﬁ/n’}’,\ for ¢ A* with the following property.
There is a Q,-vector space V such that m W — Kz ® V over each connected
component BflTn’}’k, w € A*. Moreover, Kz admits a structure of a E-Hecke

eigen-sheaf in D, (Bfl\fnT,A). O

Remark 2.1. As in [23], pick two bases (¢;), (n;) of A with 1<i <r such that «(e;, nj)
vanishes unless i=j, and «(¢, n;) =d;, where d; divides d;;; for all i (as soon as
both d; and d;;; are not zero). Let ¢; be the smallest positive integer such that de; €
nZ. Then A*=@;_,(eZ)¢. Let e=[];e be the order of A/A*. The rank of K is &9
and dim(V) =é9. O

It is natural to ask the following.

Question 2.1. Is there an equivalence of categories D(Bunry:) 5 D;(Bfl\fn“) commut-
ing with the action of Hecke functors? For each 1 € A* it would identify D(Bun?,) with
D, (Buny,). O

According to the quantum Langlands conjectures [22], in the setting of D-
modules the expected answer to the same question is “yes.” However, the correspond-
ing equivalence is expected to be given by a D-module on Buny: x Bunr,, which is not
holonomic, and in our ¢-adic setting we expect the answer to be negative.

On the one hand, we show in Proposition 5.2 that the ‘corrected scalar products’
of automorphic sheaves are the same in both categories (this is an analog of the Rankin—
Selberg convolutions from [17] in the setting of metaplectic tori). On the other hand, in
Section 5.2.8 we give an argument in the case of an elliptic curve and T = G,, showing

that these categories are not expected to be equivalent.

3 Representations of the Metaplectic Tori on the Level of Functions
3.1 Central extensions

Throughout Section 3 we assume k=F,. Let A, G be abelian groups, write A multi-
plicatively and G additively. A normalized 2-cocycle is a map f: G x G — A satisfying
1= f(0,9) = f(g,0) forge G, and

f(91, 92) f(g1 + 92, 93) = f(g2. g3) f(91, G2 + G3)
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for g; € G. Such a cocycle gives rise to a central extension 1 - A— Ax G — G — 1 with

the group law

(a1, g1)(az, g2) = (@ a2 f(G1,92), 1 + G2), a €A g e€G.

If we need to emphasize the dependence on f, we denote this group by (A x G)y. For
gi € G the commutator in (A x G) r is given by

f(g1. 92)
f(92.91)

Note that if f: G x G — Ais any bilinear map, then fis a normalized 2-cocycle.
Let T° be the group of all maps of sets h: G — A such that h(0) =1, let T* be the

(91, 92)c=

group of normalized 2-cocycles f: G x G — A. We have a complex T° — T!, where h is

mapped to f given by

h(g: + g2)

f(g1,92) = Mok
Let f, f' € T'. Then given he T° with

f(g1,92) _ h(g: + g2)
flg1.92)  h(g)h(gz)

forall g; € G,

we get an isomorphism of central extensions (A x G)f; (Ax G)p given by (a,g) —
(ah(g). 9).
The Picard category of central extensions of G by A is canonically equivalent to

the Picard category associated to the complex T° — T! (see [8]).

3.2 Brylinski-Deligne extensions
3.2.1

Let A be a free abelian group of finite type. Recall that isomorphism classes of central
extensions 1 - A— E — A — 1 are in bijection with the set of bilinear alternating maps
A x A— A, the map associated to a central extension being its commutator. Set A=
Hom(A, Z).

Let T=A ® Gy,. View T as a scheme over k=F,. Let Sch/k be the category of
k-schemes of finite type equipped with the Zariski topology. The nth Quillen’s K-theory
group of a scheme form a presheaf on Sch/k as the scheme varies. We denote by K, the
associated sheaf on Sch/k for the Zariski topology. Let Ext(T, K,) denote the category of

central extensions of T by K, (in the category of sheaves of groups on Sch/k).
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A bilinear form «: A ® A — Z is even if k(x, x) € 27 for all x€ A. Recall that
quadratic forms q: A — Z are in bijection with the set of even symmetric bilinear forms

k: A® A — Z. The form associated to q is «, where k(x;, X)) = q(x1 + X2) — q(x1) — q(X2).

Proposition 3.1 ([8, Theorem 3.16]). There is an equivalence of Picard groupoids
between Ext(T, K;) and the groupoid £(T, K») of pairs: an even symmetric bilinear form
k: A® A— 7 and a central extension 1 — k* - A — A — 1 whose commutator is given
by (11, p2)e = (=112, ;€ A. O

Let us now discuss some realizations of the objects of £(T, K3). It is convenient
for this to introduce a category £°(T) of pairs: a symmetric bilinear form «k: A ® A — Z

and a central super extension
l-k—> A > A1 (3)

(as in [5, Lemma 3.10.3.1]) such that its commutator is (y1, y2)c = (—1)*-72), This means
that for every y € A we are given a 7Z/2Z-graded (or super) line €, and for every y;, y, € A

a Z/27-graded isomorphism
s el S entre
such that c is associative, that is,
cYvetrs (iden ®c*7?) = chtrers (7" @iders)
9

and one has ¢"72 = (—1)*"-»2) V1o, where o: €”' ® €2 — €2 ® € is the super commuta-
tivity constraint.

The category £5(T) is a Picard groupoid with respect to the tensor product of
central extensions. For an object of £5(T) as above for each y € A the parity of € is
k(y,y) mod 2. So, £(T, K3) is the full Picard subgroupoid of £°(T) consisting of pairs
(k, A5) such that « is even.

According to [5, Lemma 3.10.3.1], let v: A — Z/2Z be a morphismand B: A x A —
7./27 a bilinear form such that

k(y1,¥2) mod 2=v(y1)v(y2) + B(y1, y2) + B(yz, 1)

for all y; € A. Then taking € =k of parity v(y), we get a super central extension (3) given
by the cocycle (y1, y2) — (—1)B0172) We will use the following two particular cases of

this construction.
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Lemma 3.1.

(1) Let B: A® A— 7Z be a bilinear form, set x =B + ‘B, where 'B(y1, y») =
B(y2, y1) for y; € A. Then B gives rise to the object (x, AS) € (T, K»), where
€” =k of parity zero for each y € A, and the central extension (3) is given by

the cocycle

(y1, y2) > (=1)B0r2),

(2) LetieAand k=i® i. Let v: A— Z/27Z be the map A mod 2. Consider the
super extension 1 — k* — A A1 given by the zero 2-cocycle, where € =

k is of parity v(y). Its commutator is

V1, Y2)e = (=1)<0my2), (4)

(3) Letx: A® A — Zbe an even symmetric bilinear form. Pick a presentation x =
>ibi (*; ® i;) for some J; € A. For each i we get a super central extension Ak,
The tensor product of their bjth powers is a central extension 1 — k* — A —

A — 1 of parity zero with the commutator (4). This is an object of £(T, K3).

3.2.2

In this subsection we describe the Brylinski-Deligne extensions of T by K, by some
explicit cocycles.

Let B: A ® A — Z be any bilinear form and « = B + B as in Lemma 3.1(1). Recall
that K, = O* as a sheaf on Sch/k (see [8]). There is a unique bimultiplicative map f: T x
T — K, satisfying

.f(}"l ®C1, A ® ) ={c, C2}B()"lv)h2)

for A; € A, ¢ € Gy, Here {-, -}: K; x K; — K; is the product in the graded sheaf of rings
D, K; on Sch/k. It is bilinear and skew symmetric. The map fis a 2-cocycle, it gives rise

to a central extension
1-Ky— (Ko xT)g—T—1, (5)

where (K; x T)g = K, x T is equipped with the product (z;, &) (2, &) = (212 f(t1, ), tits),
t; €T, z € Ko. We write fz = f if we need to express the dependence on B of the above

cocycle.
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By [8, Corollary 3.7], the automorphisms of the extension (5) are Hom(A, k*).
Namely, g € Hom(A, k*) defines a homomorphism of sheaves g: T — K, on Sch/k such
that G(A ® ¢) = {c, q(A)} for ce G,,, € A. Note that g € H (T, K>).

As in [8], define a map A® A— HYT, K,) as follows. Given i; € A, view X; €
HO(T, ©*) =H(T, K'), so {A1, iz} € H(T, K,) via the product in @; K;. Since the prod-
uct K; x K; — K, is bimultiplicative, the map A; ® Az — {A1, A2} extends to a linear map
A® A — HT, K»,) that we denote B > B.

Note that if {¢;}, 1 <i <ris a basis of 4, ¢; € G,,, then
r
B (1_[(61' &® Ci)) = 1_[ {Ci9 C]'}B(ei’ef).
i=1 I<ij<r

The product in K, is written multiplicatively. Write the operation in the abelian group
HO(T, K») additively, so g and B define B 4+ g € H(T, K»).
To any s € H(T, K;) one associates a 2-cocyle ds: H(T x T, K3) by

s(titp)

ds)(ty, ) = ————
(ds)(t1, &2) SE)s(G)

for t; € T. For B + G as above we get d(B + g) = d(B).

Lemma 3.2. For a bilinear form C: A® A — Z and B=C —!C, one has d(C) = f;. O

Proof. Pick a base {¢;} in A. Let t; =[[;(6; ® gi), L =[];(e; ® g)) with A; € A, g;, g; € Gp,.
We get

Clut) =C (H(Ei ® gigl{)) = n{gigl/w gjg}}c(ei’ef)
i ij

and
C &) =] tgi g,
iLJ
Ct) =] ig} gj*.
iLJ
So,

é(tlt’Z) /1C (€i,€1)—C (€,€;)
= = = { s } v e
G ~ 11199

ij

Our claim follows. [

9102 ‘2 Yyore |\ uo 1senb Ag /B10'seulno [pojxo-uiwi//:dny wouy pepeojumoq


http://imrn.oxfordjournals.org/

Twisted Geometric Langlands Correspondence for a Torus 8689

We get a complex A® A 4 A A % Q(A) say in degrees 0,1,2, where Q(A) is the
group of even symmetric bilinear forms A ® A — Z. The map d is given by d;(C) =C —C
and dy(B) = B + 'B. This complex is exact in degree 1.

By [8, Theorem 3.16], the isomorphism class of the extension (K, x T)p is given
by d;(B) € Q(A). If d;(B) =0, an element C € A® A with di(C)=B gives a trivialization
of (Ky x T)3.

3.3 Global setting
3.3.1

Let X be a smooth projective absolutely irreducible curve over k. Set F =k(X), let A
denote the adeles ring of X, O C A be the integer adeles. For x € X write Fy for the com-
pletion of F at x. Let Oy C Fy be the ring of integers and k(x) its residue field.

Write v(f) for the valuation of f e F}. For f, g€ F} write (-, -)s; for the tame sym-
bol given by

(f. @st = (—1)39 D@ (g F709) (x))

according to [18, Remark 2.2]. Here Ny),x denotes the norm for the extension k C k(x).
The global tame symbol (-, )5 : A* x A* — k* is given by
(a,b)ss= l—[(aXa by)s:.

xeX
If both ay, by € Oy, then (ay, by)st = 1, so the product is finite.

Let B: A ® A — Z be any bilinear form. Set k = B 4 !B, so « is even and symmet-
ric. As in Section 3.2.2, there is a unique bimultiplicative map f: T(A) x T(A) — k* such
that for A; € A, g; € A* one has

f()“l b gl’ )‘«2 ® 92) = (91, gz)SB;()‘lJ\Z)'

The map f is a normalized 2-cocycle as defined in Section 3.1. Let E =k* x T(A) with
the product (a1, g1)(az, g2) = (@1 az f(g1, 92), g1g2) for a; € k*, g; € T(A). Then E is a locally
compact topological group that fits into a central extension

1->k*—>E— T(A) — 1. (6)

The commutator in E is given by

K (A1,A2)
t

A ® g1, 22 ® G2)e= (g1, G2)s

for g; € A*, &; € A.
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The map T(O) — E, z+> (1, z) is a group homomorphism, a splitting of (6) over
T(O). The image of T(O) is usually not a normal subgroup in E. In particular, if « is
non-degenerate, then T(0) is not a normal subgroup.

If g; € F*, then (g1, g2)st =1 (see [2]). So, the map T(F) — E, z+— (1, z) is a group
homomorphism, a splitting of (6) over T(F). The two splittings coincide over T(F)N
T(O) =T(k). If k is non-degenerate, then T(F) is not normal in E.

Let Buny be the stack of T-torsors on X. Recall that Buny(k) — T(F)\T(A)/T(O)
naturally, so T(F)\E/T(O) — Bunr(k) is a k*-torsor. The problem of the geometrization
of this torsor is essentially solved in [6, Proposition 3.10.7.1, Lemma 3.10.3.1 and Propo-

sition 4.9.1.2]. It will be discussed in Section 5.

3.3.2

Pickn> 1. We assume n| g — 1, so both u,(k) and k*/(k*)™ are cyclic of order n. The natural
map un(k) — k*/(k*)" is not always an isomorphism.

Denote by
1> k/K)'"—=E—TWA) —1 (7)
the push-forward of (6) by k* — k*/(k*)™. Let
1—Kk/k)"— Exy— T(Fy) > 1 (8)

be the pull-back of (7) by T'(Fy) — T(A).
The results of this subsection are partially borrowed from and partially inspired

by the papers by Weissman [23, 24]. Let
AP ={ueAlk(u,v)enZforall ve A} (9)

Set T* = A* ® G, so we have an isogeny T* — T.

Let Z' c T(A) be the subgroup such that the center Z(E) of E is the preimage of
Z"in E. Let Z! C T(F,) be the subgroup such that the center Z(Ey) of E, is the preimage
of Z! in E,.

Lemma 3.3.

(1) Let g=(gx) € T(A). Then ge Z" iff gy € Z! for all xe X.
(2) Z!1is the image of T*(Fy) — T(Fy). O
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Proof.

(1) Pick a base {¢;} of A. For g; € A* the condition g =[],(¢; ® g;) € Z" is equivalent

to requiring that for any ue A*, A € A one has
[ J@i wsi? e ey
i

This condition is local over X.
(2) is[23, Proposition 4.1]. The property used by Weissman in [23] is as follows.
Let d> 1. Write e for the smallest positive integer such that de € nZ. Then

{ge Fi|forall he F}, (g, % € (k)™ = (F})°.

The case d=1 follows from the nondegeneracy of the tame symbol. Here is
the reduction to the case d=1. First, if d is prime to n, then let «, § € Z with
da +np=1. If g?= 27" for some ze F}, then g=g®*¥ = (#gf)" e (F)". Now
let d, n be any, set a=GCD(n, d) and n=ae, d=ad. Let z€ F; be such that
g%?=2z%. Then gz ° € puq(k). The map un(k) = na(k), u— 1€ is surjective. So,
g% € (F¥)®. Since (d, e) =1, we get g € (F})°. [ ]

Remark 3.1. The Poitou-Tate duality in Galois cohomology implies {ye A*| (y, 2)st €
(k)" for all ze F*} = F*(A*)™ O

Recall that (7) splits canonically over T(F).

Lemma 3.4. The group T(F)Z(E) is a maximal abelian subgroup of E. O

Proof. Step 1. Pick two bases (¢;), (7;) of A with 1 <i <r such that «(¢;, n;) vanishes
unless i = j, and « (¢;, ;) = d;, where d; divides d;,; for all i. Let ¢; be the smallest positive

integer such that d;e; € nZ. In this notation, we have

z'= {n(ei ® gi) € T(A) | gi € (A")" for all i} .

1

Note that A* =@;_,(eiZ)¢;. Now let g; € A* and g=[],(e; ® gi). If g commutes with T(F)

in E then for each 1 < j <r and ue F* we get
<H(€i ® 9i> Nj ® We=(gj, W e k)™
i

By Remark 3.1, this implies g;-l’ € F*(A*)". We are reduced to the following.
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Step 2. Let ge A*, d>1, let e be the smallest positive integer such that de € nZ.
If g%e F*(A*)", then ge F*(A*)°. Let g?= fz" with fe F* ze A*. First, consider the
case (d,n) =1. In this case, pick «, 8 € Z with do + n8 = 1. Then g=g®*% = (f7)*g"¥
F*(A*)"™. Now let n, d be arbitrary, set a= GCD(d, n) and n=ae, d=ad. Since (g¢z )%=
f, by the Grunwald-Wang Theorem [3, Theorem 1, Chapter IX], there is f; € F* with
f=f% So, there is v € A* with v*=g%z¢f;! and g? € F*(A*)°. Since (d, e) = 1 from the
relatively prime case we get g € F*(A*)°. |

Remark 3.2. Let d,n>1, let e be the smallest positive integer with de € nZ. If a € k* and
a® € (k*)" then a € (k*). This is proved as in Lemma 3.3(2). O

3.3.3

Pick an injective character ¢: k*/(k*)" — Q;. The twisted Langlands correspondence at

the level of functions for a torus is the study of the representation
R={f: TE\E - Q| f(y2)=¢(y) f(2 for all y e k*/(K)"
there is an open subgroup K C T(0), f(yw = f(y), ue K}

of E by right translations.
The nonramified part of this problem is the study of the space

R ={f: T(F)\E/T(O)— Q| f(y2) =¢(y) f(2) for all ye k*/(k)"}

as a representation of the corresponding Hecke algebra. For each x € X we get the Hecke

algebra

Hx={h: T(O)\Ex/T(0) - Q | h(y2) = £ (p)h(2) for all y e k*/(K)",
his of compact support}
with respect to convolution. Namely, if h; € Hy then h; * h, € Hy is given as follows. For

u, ze E, the expression h;(wh,(zu™!) depends only on the image of uin T(Fy), and we

may define in this sense

(hy % hy)(2) = J hi(Wha(zu ™) du,

ucT(Fyx)
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where duis the Haar measure on T (Fy) such that the volume of T(Oy) is one. This algebra
acts on R™ so that he Hy acts on fe R™ as

(f+ W)@ :j FlauHhw du. (10)

ueT (Fx)

Again, it is understood that actually ue E,, and the expression f(zu ')h(u) depends only
on the image of uin T(Fy). With this definition, R™ is a left Hy-module: (f* hy) * hy =
f* (hy % hy).

For each xe€ X pick a uniformizer t, € Fy. Write t2 for the image of the map
A — T(Fy), A+ t:. Denote by Div(X, A) the group of A-valued divisors on X viewed as a
subgroup of T(A). Namely, to a divisor Y, Axx we associate [, t}* € T(A).

For the rest of Section 3 we make a stronger assumption:
(A) the field k satisfies —1 € (kK*)™.

Since we are interested only in geometrizing the classical picture, this case is sufficient.
This assumption implies that the restriction of (8) to A is abelian. Pick a section of (8)
over A. For ) € A we denote the corresponding element of E over ¢! by Z..

Note that for each A € A there could be at most one function h; € Hy with support
being the preimage of T(O,)t:T(O,) in Ey, and satisfying h; (£) = 1.

Lemma 3.5. Let A € A. The following are equivalent.

(i) AreAF,
(i) There is h; € H, with support being the preimage of T(Oy)t:T(Oy) in E, and
satisfying h, (£2) = 1. O

Proof. For v e T(Ox) we have v = (v, t&).£iv in Ey. So, h; exists iff (v, ). € (k)" for all
veT(Oy). Forv=p ®uwith n € A, ue O% we get (u ® u, ). = & “**», where t€ k* is the
image of . Finally, " e (k*)" for all e k*, u € A if and only if A € A, [ |

Let T* be the Langlands dual torus over Q; to T*. Write Rep(T*) for the category

of finite-dimensional representations of T% over Q.

Proposition 3.2. There is an isomorphism of rings Hy — Q,[A*] = Ko(Rep(T*?)), where

Ky is the Grothendieck group of the corresponding category. O
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Proof. Let Z} be the preimage of T(Ox)t:T(Oy) in Ej. Clearly, if A, u € A* then h, * h,

has support included in ZyT Tt is easy to check that actually h; x h, = h;,. So, we get

an isomorphism H, — Q,[A%]. [ ]

The isogeny T? — T is a surjective morphism of sheaves in étale topology on

Sch/k. Let K denote its kernel. This is a finite group that fits into an exact sequence
1> K(F)— T*(F)— T(F) — H'(Spec F, K) — 1.

The center Z(E) acts on T(F)\E/T(®) by multiplication. Let Buns: denote the
stack of T*-torsors over X. We have the push forward map ix: Buny: — Buny. Define K
as the cokernel of Buny: (k) — Bunr(k), this is a finite subgroup K c H?(X, K).

Remark 3.3. The set of Z(E)-orbits on T(F)\E/T(O) is the group T(A)/(T(F)Z'T(0)), it
identifies with Coker(T*(A) — T(F)\T(A)/T(0O)), that is, with K. The group K is usually
nontrivial. O
3.3.4
Lemma 3.6.

(1) The group t2Z(E,) is a maximal abelian subgroup of Ej.

(2) The group Div(X, A)Z(E) is a maximal abelian subgroup in E. O
Proof.

(1) By (A), this group is abelian. Pick bases (¢;), (7j) of A and define d;,¢; €Z as

in the proof of Lemma 3.4. Then

AR {H(ei ®gi) € T(Fy) | gi € (F))% foralliy.

1

Let now v=[]; & @ v; € T(Oy) with v; € O. Let v; be the image of v; under
Of — k*. Assume that (¢, v).=1 for all » € A. So, for each 1 < j <r we get

<1_[ € ® v, t;’) = (vj, tx)gi e (k)"
i c

So, z')?f € (k). By Remark 3.2, we get v; € (k")% for all j. So, v e Z].
(2) This follows from (1). [ |
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3.3.5

Let x: Z(E) —> Qj be any continuous character trivial on Z(E) N T(O) and extending

k(R — Q}f. Pick any extension of x to a character
X: Div(X, A)Z(E) — Q,

such an extension always exists, since Z(E) is an open subgroup of Div(X, A)Z(E). By

restriction, it yields a character yy: tQZ(E_’X) — Q}‘ for each x e X. Let
nx={h: Ex— Q| h(y2) = %x(Y)h(2) for all y € t1 Z(Ey)}

be the induced representation of E,. It is irreducible (see [23, Theorem 3.1]). The space

7y is a “twisted version” of the space of functions on
r
[Tx /),
i=1

where ¢ and r are defined as in the proof of Lemma 3.4, so dimn,=[];_, &. Since

tAT(Oy) = T(Fy), we get dim(rF(©¥) = 1. So, we form the restricted tensor product
= Q)

with respect to the unique spherical vector hy € nF(©

*) satisfying hy(1) = 1. This is an

irreducible representation of E, and dim(z7®) = 1. Consider also
7=1{h: E— Q| h(y2) = ¥ (y)h(2) for all y e Div(X, A)Z(E),
there is an open subgroup K C T(0), h(zz,) = h(2), z; € K}.

This is a smooth representation of E. We identify = — 7 via the map sending ), hy to
h e, where h(z) =[], x hx(2x).
Assume in addition that x: Z(E) — Q} is trivial on Z(E)N T(F). In this case,

there is a unique character
x: T(F)Z(E) — Q}
extending x : Z(E) — Q} and trivial on T(F). Consider the E-submodule
Ry ={feR| f(yz)=x(y f(2) forall ye Z(E))

of R. The results of [15, Section 0.3] apply in this situation. Combining them with

Lemma 3.4 we obtain that R, is irreducible and 7 — R, as E-modules.
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Let us write down an explicit isomorphism S: 7 — R, of E-modules. According
to ([15], Section 0.3), changing if necessary the extension x of x, we may and do assume

the following:

(C): x and x coincide over
(Div(X, A)Z(E)) N (T(F)Z(E)).
Under this additional assumption, the isomorphism S: 7 > R, sends h to Sh, where

(Sh)(2) = > h(y2), (11)
yeT(F)/(Div(X,A)Z(E))NT(F)

here ze E. According to (C), if ue (Div(X, A)Z(E)) N T(F), then x(u) =1. So, for ye T(F)

the expression h(yz) depends only on the image of y in
T(F)/(Div(X, A)Z(E')) NT(F). (12)

By the results of [15, Section 0.3] the map S is an isomorphism of E-representations.

The natural map T%(F) — T(F) factors through Z(E)N T(F)=Z'N T(F). From
Grunwald-Wang Theorem [3, Theorem 1, Chapter IX] we see that the natural map
T*(F)— T(F)N Z" is surjective. Thus,

T(F)/(Z(E)N T(F)) > H!(Spec F, K).

This is a finite group. The group T(F)/(Div(X, A)Z(E)) N T(F) is a quotient of the finite
group H!(Spec F, K), so the sum in (11) is finite.
Let ¢ € 77© be the unique function satisfying ¢ (1) =1. In Section 5 we will

geometrize the theta-function
S¢: T(F)\E/T(O) — Q.

We will construct a local system on the corresponding u,-gerbe over Bunr, whose trace

of Frobenius is the function S¢ (namely, the complex K in Proposition 2.2).

Remark 3.4. The group H!(Spec F, K) is equipped with a skew-symmetric pairing with
values in p,(k), it comes from the cup-product on H!(Spec F, K) and the bilinear form «.
We think that (Div(X, A)Z(E)) N T(F)/(Z(E) N T(F)) is a maximal isotropic subgroup in
H!(Spec F, K) with respect to this pairing, but we have not checked this. O
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3.3.6

For each xe X let xx: A — Q} be the character sending u to x (). The character ;'
extends uniquely to an algebra homomorphism x;': Q;[A?] - Q;. The one-dimensional

space 71 (©

T(0» is naturally a module over Hy, the action being defined as in (10). Then H,

T(O
X

acts on 77©% via the character

He S QAT @, (13)

the first isomorphism being that of Proposition 3.2.

Set R} =R"™ NR,, recall that this space is one-dimensional. On the other hand,
the Z(E)-orbits on T(F)\E/T(O) are identified with the group K by Remark 3.3. So, only
one Z(E)-orbit on T(F)\E/T(O) supports a nonzero function from R, one checks that
this is the orbit through 1.

3.3.7

Let deg: Div(X, A) —> A be the degree map sending [],&* to >, pux. For ue€ A write
Div(X, A)* for the subgroup of divisors of degree n. One has T(A) = Div(X, A)T(O). For
w e A write T(A)* =Div(X, A)*T(O). Note that T(F) C T(A)°.

For u € A write E* for the preimage of T(A)* under the projection E — T(A). Let
Z(E)° = Z(E) N E°. The group Z(E)° acts naturally on T(F)\E*/T(O).

For u e A let

FRY ={f: T(F)\E"/T(O)— Q| f(y2) = x(y) f(2) for y€ Z(E)°}.

The property dim R}" =1 implies the following. If u ¢ AF, then MRY =0.1f ne A*?, then
dim(*R}") =1, and any nonzero function from #*R" is supported at T(F)Z(E)*T(O). Set

also
KR ={f: T(F)\E"/T(O) — Q| f(y2) =t (y) f(2) for ye k*/(K)"}.

The twisted Langlands correspondence on the classical level becomes essentially the

following.

Proposition 3.3. Let u € A.

(1) If u ¢ A%, then *R™ =0.
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(2) If u e AF, then there is a finite direct sum decomposition

HRM @ wmr
X 9
X

the sum over all characters x: Z(E)° — Q} trivial on Z(E)° N T(O) and on
Z(E)° N T(F) and extending ¢: k*/(k")" — Q. O

4 Preliminaries to Geometrization
4.1 Gerbs via central extensions
4.1.1

From now on we assume k algebraically closed of characteristic p>0. Let Z be a k-
scheme, n> 1 invertible in k. Let G be a finite group acting on Z. A lifting of this action
on the trivial gerbe Z x B(uy) is described as follows.

For g€ G and a p,-torsor F on Z we define a morphism (F, g): Z x B(un) = Z x
B(uy). For a S-point (f, 7), where f: S— Z and 7 is a u,-torsor on S, the map (F, g)
sends it to the S-point (gf, 7 ® f*F). The composition (F3, g2)(F1, g1) SFR® g1 F2, G291)
canonically.

The action of G on Z x B(u,) is given by the data: for each ge G a u,-torsor
Fy on Z. We assume that F; = F° is the trivial pu,-torsor. For each pair g, he G we are
given an isomorphism ty5: Fr @ h*Fy = Fgh of un-torsors on Z. It is required that for

any g, h, x € G the diagram commutes

Fa@XFn@xWF, B Fn®xhF,

‘Lfrgvh »l/TgAhx
~7:X®)(k]:gh — «thx-

Besides, for ge G each of the maps 75:: 1 ® Fy — Fy and 114: Fy ® g*F1 — Fy is the
identity.

Write 7ors(Z, u,) for the groupoid of u,-torsors on Z. Consider the groupoid
Gz of pairs (F, g), where F € Tors(Z, iun), g € G. We define the multiplication functor

m: Gz x Gz — Gz on objects by

m((Fz, g2)(F1, g1)) = (F1 ® g1 F2, G2G1).
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It is defined naturally on morphisms. This extends naturally to a structure of a group

stack on the groupoid Gz. We obtain an exact sequence of group stacks
1—>Tors(Z,uy) — Gz — G— 1. (14)

The group stack Gz acts on Z x B(u,), namely (F, g) acts by the morphism (F, g). So, the
datum of an action of G on Z x B(uy) is a section of (14) in the category of group stacks.
That is, a morphism of group stacks G — Gz whose projection to G is the identity. Such
morphism always exists.

Let G, and Tors(Z, i,) be the coarse moduli space of Gz and 7ors(Z, i), respec-

tively. These are abstract groups. We get an exact sequence
1 — Tors(Z, un) - G, — G — 1,

which is a semidirect product with respect to the action of G on Tors(Z, u) such that
g€ G sends F to (g~ 1)* F.

If T e Tors(Z, uy,) and a section of (14) is given by a collection (Fy, tgn), g. he G
as above, we may conjugate this section by the element (7, 1) € Gz. This produces the
collection (F/, ré,h), where F, = T '®97T ® Fgand t' =r.

Remark 4.1.

(1) Now let 1 — un(k)— G— G — 1 be a central extension in the category of
groups. Take F, be the constant j,-torsor consisting of all § € G over g. The
group structure of G yields an isomorphism Tgn: Frn® Fy > Fgn- The above
conditions on 7 are verified, so we get an action of G on Z x B(uy,) extending
the action of G on Z.

If we let G act on Z via the homomorphism G — G with the previous
action of G then the stack quotient Z/G is a u,-gerbe over the stack quotient
Z/G.

(2) Conversely, let Y — Z/G be a u,-gerbe equipped with a trivialization of
the gerbe ) xz/,¢ Z— Z. This yields a section of (14) given by a collec-
tion (Fgy, tgn), g, he G as above. Assume also that all the j,-torsors F, are
trivial. So, we view Fy4 as a up-torsor over a point. Then this u,-torsor
over G is multiplicative in the sense of [8], so this is a central extension
1 - up— G — G — 1. Moreover, the trivialization of xz,6 Z — Z descends

to an isomorphism Y — Z/G over Z/G. O
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4.1.2

Assume that «: Z' — Z is a Galois étale covering with Galois group I". Assume also that

for each g € G there is g’ € Aut(Z’) such that the diagram commutes

7z 5
lg lg
7z % 2z

We get the group G’ of automorphisms g’ € Aut(Z’) for which such g € G exists, it fits into
an exact sequence 1 - I' — G’ £ G—1.
Assume a section of (14) is given by a collection (Fy, 74%), g, he G as above,

assume also that all the j,-torsors o*F, are trivial over Z'. Consider the exact sequence
1—>Tors(Z',pup) > G, —> G —1

defined for the the above action of G’ on Z’'. We get a section of this exact sequence given
by the collection (g, Fy4, t'), where Fy = a*F, for g=p(g'), and v’ = a*r.

By Remark 4.1(2), we get a central extension
1> pun—>G -G —>1 (15)
and a un-gerbe Z'/G' — Z/G.

Remark 4.2. One may ask if any u,-gerbe over the stack quotient Z/G comes from a
central extension 1 — u,—?— G — 1. We will not answer this question in this paper,
but we think the answer is ‘no’. If (15) does not admit a section over I, whose image is a

normal subgroup in G’ then the gerbe Z'/G’ would provide a counterexample. O

4.2 @-Data and central extensions of Bunrt
4.2.1

Let A be a free abelian group of finite type, A =Hom(A,Z). Set T=A® G,, and T =
A ® G,. Let X be a smooth projective connected curve over k.

We will use Picard groupoid P?(X, A) of §-data introduced by Beilinson-Drinfeld
in [6, Section 3.10.3]. Recall that an object of P?(X, A) is a triple 6 = («, A, ¢), where
k: A® A— 7 is a symmetric bilinear form, A is a rule that assigns to each y € A a super

line bundle A on X, and c is a rule that assigns to each pair y;, y» € A an isomorphism
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Yz AN @ Ar2 S ANtz @ Q) on X. They are subject to the conditions explained in
[6, Section 3.10.3]. In particular, recall that the parity of A” is x(y, y) mod 2.

Fixing a symmetric bilinear form «: A® A — 7, one gets a subgroupoid
PY(X, A C PY(X, A). Recall that P(X, A) :=P?(X, A)° is a Picard subgroupoid, and each
PY(X, A)F is a P(X, A)-torsor. By [6, 3.10.3.1], there is a canonical equivalence of Picard

groupoids
P(X, A) > Tors(X, T), (16)

where Tors(X,T) is the Picard groupoid of T-torsors on X. Recall the groupoid
E5(T) defined in Section 3.2.1. The following construction is borrowed from [6,
Lemma 3.10.3.1].

Lemma 4.1. Pick a square root 22 of 2 on X. It gives rise to a functor &5(T) —
PYUX, A). O

Proof. Let (k, A%) € £5(T), so for each y € A we are given a super line ¢” and isomor-
phisms ¢z € @ €72 S entr Fory e Aset ) = (Q%)‘X’*K(V'V) Q€. Let cnr2: W @ A2 >

itz @ Q<0nr2) be the evident product obtained from ¢”*72. Then («, 1, ¢) e PY(X, A). B

One has the sheaf Div(X, A) on the category Sch/k of k-schemes in flat topol-
ogy introduced in [6, 3.10.7]. It classifies relative A-valued Cartier divisors on X. One
has the Abel-Jacobi map AJ: Div(X, A) — Bunr given by D ® y — O(D)®” for y € A,
D e Div(X, Z). This is a morphism of abelian group stacks.

In [6, Section 3.10.7] the Picard groupoid Picf(Div(X, A)) of factorizable super
line bundles on Div(X, A) is introduced. By [6, Proposition 3.10.7.1], one has a natural

equivalence of Picard groupoids
Pic/ (Div(X, A) > PY(X, A). (17)

Write Pic(Bunr) and Pic(Div(X, A)) for the Picard groupoids of super line bundles on
Bunr and Div(X, A), respectively. By [6, Proposition 4.9.1.2], the functor AJ* is an equiv-

alence of Picard groupoids
Pic(Buny) — Pic(Div(X, A)).

For u € A write Bun’. for the connected component of Bunr classifying F € Bunr

such that for any A € A one has deg(ﬁ’}) = (u, A).
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Recall that each line bundle t on Buns defines a map §,: A — A such that for
F € Bun/, the group T(k) C Aut(F) acts on the fibre t by 8, (i).
The forgetful functor Picf(Div(X, A)) — Pic(Div(X, A)) yields a composition

PY(X, A) > Pic/ (Div(X, A)) — Pic(Bunry). (18)

4.2.2

For a T-torsor 7 on X let L+ denote the factorizable line bundle on Div(X, A) associated
to 7 via (16) and (17), it is of parity zero. For a k-point D =), A,x of Div(X, A) with i, € A
the fibre of L7 at D is (L7)p = ®,x(L5)x. For more general points the construction of
(L7)p is based on the norm map (see the proof of [6, Proposition 3.10.7.1]).

As 7 varies in Bunj, these line bundles form a line bundle L on Bun; x Div(X, A).
As in [6, Proposition 4.9.1.2], one checks that there is a line bundle LU0V op Bunj; x Bunr

equipped with an isomorphism (id x AJ)*£"™" 5 L, where
id x AJ: Buny; x Div(X, A) — Bun; x Bunr. (19)

The line bundle £*V is defined up to a unique isomorphism.

Let £%7 denote the restriction of £ to Buns given by fixing a k-point 7 of
Bunj;. By [6, Lemma 4.9.2], the map 8 puniv is constant, its image equals deg(7) € A.

The line bundle £"™V defines a biextension of Bun; x Buny in the sense of [19,
Section 10.3]. So, £V can be seen as a commutative central extension of Bun; x Buny
by G,;, x Bunj in the category of commutative group stacks over Bunj;, and also as a com-
mutative central extension of Bun; x Bunr by G,, x Bunr in the category of commutative
group stacks over Bunr.

For n> 1 write Bun,, for the stack of rank n vector bundles on X. For example, if
T =G,, then T= G, and the line bundle £V over Bun; x Bun, is canonically isomor-
phic to the line bundle, whose fibre at (A;, A3) is

detRIN(X, A; ® Az) ® detRI"(X, O)
detRIN'(X, A;) ® detRI'(X, A2)

Remark 4.3.

(1) Theline bundle £"" is symmetric in the following sense. We could start with
a T-torsor F on X and consider the corresponding factorizable line bundle
L on Div(X, /i). As F varies, they form a line bundle L on Div(X, /i) x Bunry.
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Then L is canonically isomorphic to (AJ x id)*£"™", where
AJ x id: Div(X, A) x Buny — Bun; x Buny .

(2) More generally, if A" is a free abelian group of finite type, let n: A x A"’ — Z be
a bilinear form. Let "= A’ ® G,,. The corresponding linear maps n: A — A

and n: A’ — A yield maps T — T’ and T’ — T, respectively, hence a diagram
nxxid id xnx
Buny x Buny <= Bunr X Buny — " Bunr x Buny..

For this diagram the biextensions (nx x id)*£"V and (id xnx)*L"™ of
Bunr x Bunp are canonically isomorphic, we denote this biextension by
nLuniv' 0
4.2.3
For . € A let L* denote the line bundle on Buny with fibre

detRI"(X, L) ® detRI'(X, 0)~!

at F € Buny. We view it as Z/2Z-graded of parity (u, 1) over Bun’. Letk: A® A— Z be

a symmetric bilinear form. Given a presentation denoted
k=Y bi(hi®h)
i

for some b; € Z, i; € A we associate to it a line bundle Lg= ®i(L’v\i)®bi on Buny. This is
the image of some element of P’(X, A)“ under (18), compare with Lemma 3.1.
Let 6 = (A, k, ¢) € PY(X, A), write also A for its image under (18).

Proposition 4.1. For xe X, u € A, F € Bunr there is a natural Z/27-graded isomorphism
AF G — A ® (L)% ® Ao (20)

functorial in 0 € P?(X, A). Here (E'}(“))X is of parity zero. O

Proof.

(1) First, consider the case x =0. Recall that the image of an object of P(X, A)
under (18) is a central extension of Buny by G,, (cf. [6], Lemma 4.9.2). In this
case, the line bundle A on Bunr is multiplicative. So, for any F, 7' € Bunr one

has Argr — Ar ® Az and we are done.
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(2) Assume first that x =i ® A and A is of the form L* as above, it comes from
some particular object of P?(X, A)“. In this case, k(1) = (i, X)k. Assume also

(u, X) >0, the opposite case being similar. Then
L — L ® det RI(X, L% ((n, A)x)/ L)

and Lé(ﬂx) S detRIT(X, O((w, 1)x)/O) canonically. To conclude, note that
for a line bundle A on X, m >0, one has detRI'(X, A(mx)/A) - AT ®
detRI'(X, O(mx)/O) canonically.

(3) For general « pick a presentation « =) ; b;(. ® 1), it gives rise to the line
bundle Lg on Buny coming from some particular object of P’(X, A)“. The
desired isomorphism in this case is the product of isomorphisms obtained
in (2).

Moreover, the isomorphism (20) is equivariant with respect to the
action of T, here T is the group of automorphisms of any object of P?(X, A).
Indeed, ze T acts on A € Pic(Buny) so that it acts on the fibre A~ as (deg ]-')(za

Combining with (1), we get the desired isomorphism in general.

Write k: Buny — Bunj; for the map sending F to the T-torsor & (F) such that for
e Aonehas £}, = L5

Proposition 4.2. For F,7 € Bunr there is a natural Z/27Z-graded isomorphism
AreT = AF ® A @ LI

Here “L£"V is the line bundle purely of parity zero on Bung x Buny defined in
Remark 4.3. -

Proof. Consider the map id x AJ: Bunr x Div(X, A) - Bunr x Buny. By [5, Proposi-
tion 4.9.1.2], it suffices to establish the desired isomorphism after applying (id x AJ)*
to both sides. So, we may assume 7 = O(D), where D € Div(X, A). If D=}, u;x; with x;

pairwise distinct, then Proposition 4.1 gives an isomorphism
AF(D) — AF ® hom) @ (®i(£K]:(M))Xi)~

With the notations of Section 4.2.2, we get (®i(£'}(“"))xi) = (Ler))p, the fibre of Lgs €

Pic(Div(X, A)) at D. The latter identifies canonically with E??}V),T — ’(L‘“;fij‘l. Our claim

follows. u

Remark 4.4. For i’ € A let F = O(/x). Then the isomorphism (20) becomes the isomor-
phism ¢ in the definition of the theta-datum. O
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5 Geometrization
5.1 Local setting
5.1.1

Let A, A, T be as in Section 4.2.1. Let O =kl[t]] C F = k((¢)). View T(F) as a commutative
group ind-scheme over k. Recall that Contou-Carrére defined in [9] a canonical skew-
symmetric symbol (-, -)s¢ : F* x F* — Gy,. This is a morphism of ind-schemes, on the level
of k-points equal to the tame symbol (see [4, Sections 3.1-3.3]).

Let k: A ® A — Z be an even symmetric bilinear form. In [5, Definition 10.3.13] a

notion of a Heisenberg «-extension of T(F) was introduced. This is a central extension
1-Gp,—E¢8—->T(F)—1 (21)
in the category of group ind-schemes, whose commutator satisfies

M ® fi.r2® f2)e=(fi, fz)gf(’\““)

for f; e F*, 1; € A. The Heisenberg extensions of T(F) form a Picard groupoid, whose
structure is described in [5, Section 10.3.13]. Let (21) be a Heisenberg (—«)-extension of
T(F).

Pick n> 1 invertible in k, pick a primitive character ¢: u,(k) — @’g. Let G,, act on
€ so that ye G,, acts on e€ E as y"e. The stack quotient E = £/Gy, under this action fits

into an exact sequence of group stacks
1— B(up) > E— T(F)— 1. (22)

This is a geometric analog of the extension (8).

Let A* be given by (9), so A* C A is of finite index. Set T* = A* ® G,,. Leti: T* — T
be the corresponding isogeny.

Let E* (resp., £%) be obtained from E (resp., £) by the base change T*(F) — T(F).
The group stack E* admits a natural commutativity constraint, so it is a commutative
group stack. Moreover, consider the maps m: E* x E — E and m': E* x E — E, where m

is the product, and m'(xy) = m(yx).

Lemma 5.1. There is a natural 2-isomorphism m’ = m. In this sense E? is contained in
the “center” of E. O

Proof. One has T(F) > A x (A ® (G, x W x W)) canonically, where W is the group

scheme of big Witt vectors, and W is its completion (with the change of variables
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t>t!), see [4, Section 3.2]. So, T*(F)=A* x (A*® (Gyn x W x W)). The composition

T(F) x T(F)— T(F) x T(F) 3G, factors as T*(F) x T(F) — Gp, =5 G,,. m

Remark 5.1. It is natural to ask for a description of the Drinfeld center of E. Is it an
algebraic stack? What is its relation with E*? We will not need to answer these questions

in this paper. O
Set T(F) = A x (A* ® (G, x W x W)) and
T(F)' = A" x (A® (G x W) = T(F)red.
Let E’ (resp., E”) be the base change of E by T(F)' — T(F) (resp., by T(F)" — T(F)).

Lemma 5.2.

(1) Assume that either nis odd or « (A ® A) C 2Z. Then E’ is naturally an abelian
group stack.

(2) If nis even, then E” is naturally an abelian group stack. O

Proof. (1) Consider the extension 1 — G,, — A — A — 1 obtained as the pull-back of
(21) by A — T(F), A+ t*. It commutator is (A1, A2)e = (—1)**1*2) If k(A ® A) C 27 then A
is abelian, so one gets a commutativity constraint for E’ as in Lemma 5.1.

We may view A as an extension of A by u, with the same commutator. We have

a morphism of group stacks 8: s — B(uy,) given by the exact sequence of groups
B
1 = pin— fon— p2 = 1, (23)

here §(z) = z". Namely, § is a u,-torsor, which can be viewed as a morphism §: ju, —
B(it). The multiplicative structure on the pu,-torsor § provides a structure of a morphism
of group stacks on §. Let 1 — B(u,) = A — A — 1 be the push-forward of 1 — puy - A —
A — 1 by 8. Then A is the restriction of E to A.

If nis odd, then the sequence (23) splits canonically, so the restriction of E to A
is naturally an abelian group stack. Now one gets the desired commutativity constraint
for E’ as above.

(2) Let A* denote the restriction of A to A%, If nis even, then A’ is an abelian
group scheme. Now we can construct a commutativity constraint on E” as in (1) using
the fact that the symbol (., -)s is trivial on G,, x W. [ |
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We expect E’ (resp., E”) to be a “maximal abelian substack” of E (resp., of Eyeq),
but we have not checked this.

Let L, be the local system on B(u,), the direct summand in aQ,, on which (k)
acts by ¢. Here a: Speck— B(u,) is the natural map. Note that B(uy,) is a group stack,
and L, is a character local system on this stack.

Define a ¢-genuine character local system on E’ as a rank 1 local system A
equipped with the following data. The *-restriction of A to B(u,) is identified with £,.
For the product map m: E’ x E' — E’ we are given an isomorphism o: m*A—> AKX A,
which is associative and the restriction of o to B(uy) is compatible with the character
local system structure of L,.

Let a: E' x E — E be the product map. We have the diagram of associativity

id xa

E'xE xE = E XE
J mxid la
E' x E — E.

Definition 5.1. Let (A, o) be a ¢-genuine character local system on E’. Let Ind(A) be
the category of Q;-perverse sheaves F on E, on which u,(k) acts by ¢, and which are

equipped with an isomorphism n: a*F — AKX F such that the diagram commutes

m x idy'a F=GdxayaF " AR@F
J (mxid)y*n 1 id &y
(m x id)* (AR F) Ml AR AR F. O

The group stack E acts on Ind(.A) by right translations. If nis odd or x (A ® A) C
27, then Ind(A) is our geometric analog of the representation 7, from Section 3.3.5.

If n is even, then we may repeat the construction of Ind(A) with E’ replaced
by E”.

Remark 5.2. Given in addition a bilinear form B: A ® A — Z with « =B + !B, one
can construct (21) as Gy, x T(F) with the group structure given by a cocycle as in

Section 3.3.1. In particular, the u,-gerbe E — T(F) is trivial. a

5.1.2 Twisted spherical sheaves

Recall that (21) splits over T(O). We pick such splitting. It yields a splitting of (22) over

T(0O). So, we may consider the category Sph of perverse sheaves on E, which are left
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and right equivariant with respect to T(©) and on which u, acts by ¢: un(k) = Q. It is
naturally equipped with a monoidal category structure given by the convolution. This is
a geometric analog of the Hecke algebra Hy defined in Section 3.3.3.

The exact sequence 1 — u, — Gy, ™ G,, — 1, where n(2) = Z", yields a morphism
of group stacks G,, = B(un), we also denote by £, the restriction of £, under the latter
map. This is the direct summand in (,),Q,, on which un(k) acts by ¢. We may view Sph
as the category of (G, L;)-equivariant perverse sheaves on &£, which are also left and

right T(O)-equivariant.

Remark 5.3. The monoidal category Sph has been studied in [21]. One should be careful
using [21], for example, [21, Proposition I1.3.6] is wrong as stated. Besides, in [21] only

the case when k is of characteristic zero is considered. O

For u € A let E* be the connected component of E containing the preimage of
t* € T(F). It is easy to see that there is a nonzero object of Sph supported on E* iff u € A"
Pick a section of (22) over A%, that is, a morphism of group stacks s: A* — E extending the
inclusion A* — T(F), u — t“. The functor s* yields an equivalence of monoidal categories
Sph = Rep(T%).

5.2 Global setting
5.2.1

Keep the notations of Section 4.2.1. According to Weissman [23, 24], the input data for
the twisted Langlands correspondence for a torus should be an object (k, A) of £(T, K3)
and an integer n> 1. Since (T, K) C £5(T), it would produce an object of PY(X, A) by
Lemma 4.1.

We consider a bit more general situation. We take as initial input data an object
0=(k, A, c)eP?X, A), and assume k: A ® A — Z to be even. So, for each y € A the line
bundle A7 on X is of parity zero. Write also A for the line bundle on Buny obtained
applying the functor (18) to 6. Recall that AJ*A is equipped with a factorizable structure.
Note that Azo is trivialized. Here F° is the trivial T-torsor on X. The line bundle A on
Bunr is purely of parity zero.

As in Section 4.2.1, the line bundle A on Buny yields the map §,: A — A. By
[6, Lemma 4.9.2], the map 3§, is affine with the linear part x. We assume in addition that
8, =K. S0, our 6 = (, A, ¢) is defined uniquely up to an action of the groupoid of T-torsors

of degree zero.
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5.2.2

Pick n> 1 invertible in k, pick a primitive character ¢: u,(k) — @j

Let Bfﬁ/nm be the gerbe of nth roots of A over Bunr. It classifies Fr € Bunr, a Z/27Z-
graded line I/ of parity zero, and an isomorphism U™ — Az, of super k-vector spaces. For
1 € A we write Bfl\fn’},k for the preimage of Bun’, in Bunr,. Let D, (B/Hn;)\) be the bounded
derived category of Q,-sheaves on Bfﬁln’;,k, on which u,(k) acts via ¢. We have used here
the natural action of u,(k) on B’ffnT, » by 2-automorphisms.

Let A® be given by (9), so A® C A is of finite index. Set T = A* ® G,,. Leti: T* — T
be the corresponding isogeny. Let ix: Buny: — Buny be the push forward map. Set A* =
ixA. Write B/HnTu, ;, for the restriction of the gerbe B’HnT, » under iy.

Let «* (resp., 6°) denote the restriction of « (resp., of #) to A*. Since both «* and §,:

are divisible by n, we may and do pick an object (%, 1, &) € PY(X, A*) and an isomorphism
it n
K ~
(—, T, cn) = 6F (24)
n

in PY(X, A%). Note that (%, 7, %) is defined uniquely up to an action of T*-torsors on X,
whose nth power is trivialized.

If nis odd, then for any y € A the line bundle t” is of parity zero. If n is even,
then it may be indeed a super line bundle. Write also t for the super line bundle on Bunz-:
obtained by applying the functor (18) to (<, 7, ¢®) € P?(X, A%) with A replaced by A®. It is
equipped with a Z/2Z-graded isomorphism " — A* over Buny: obtained from (24). This

yields a section
s5: Bungp: — Bung:

of the gerbe BfﬁJnT:,,\ — Bunq:.
A point of Buny- ; is given by F? € Buny: for which we set F = F¥ x1: T, and a line

U equipped with o: " > Ax. Let
T BTI/HT:’)L — B’ﬁ/nT.k

be the map sending the above point to (F, U, o). The map s is given by U = 74:.
For u € A* we similarly define the category D, (B/ffn’}uqk), this is the category of

objects in D(Bfﬁln’;n’ ,) on which un(k) acts by ¢. The section s defines an equivalence
s*: D, (Buny, ,) — D(Bunj,).

Note that for K € D, (Bun, ,) the object 7K € D(Bunj,,) actually lies in the sub-

category D, (Buny.,).
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Lemma 5.3. Let L be a line bundle on B(T) such that T acts on it via the character
% € A. Let B(T) be the gerbe of nth roots of L over B(T), so B(T)— B(T)is a un-gerbe. Let
D?(ﬁ(T)) be the bounded derived category of Q,-complexes on B(T) on which p,(k) acts
by ¢: pun(k) — Q}. If X ¢ nd, then D2(B(T)) =0. O

Proof. Let G be the kernel of the map T x Gy, — G, (t, 2) — i(t)z " Then B(T) = B(G)
naturally. Consider the weight lattice A ® Z of T x G,,. The above map is the weight
% — né, where ¢ is the standard weight of G,,. Let m > 1 be the biggest integer such that
%(i —1né) € A @ Z. This is a divisor of n. In particular, m is invertible in k. By Remark 5.4,
70(G) = pm(k). By our assumption, m <n. The action of u,(k) by 2-automorphisms
on B(G) factors through the map u,(k) = 7o(G), so un(k) cannot act via a faithful

character. [

Remark 5.4. If i € A, consider the kernel Keri of i: T — G,,. Let e A be such that
/K/Z;i is torsion free, and A = m for some m > 1. The group mo(Ker 1) of connected com-

ponents of Ker i is wo(um (k). If m is invertible in k, then 7q(um (k) = um (k). O

Proof of Proposition 2.1. Pick a k-point F € Bun/.. It gives a map B(T) — Bun/, as T is
the group of automorphisms of . Let L be the restriction of the line bundle A to B(T). Let
B(T) be the gerbe of nth roots of L over B(T). It suffices to show that D?(E(T)) =0. The
group T acts on L by the character 8, () =« (u) € A. The condition u ¢ A* is equivalent
to k(1) ¢ nA. So, D2(B(T)) =0 by Lemma 5.3. [

5.2.3 Hecke functors

In this section, we construct an action of Bunz: on Bfl\fnm.

A point of B/I\fnm is a pair (F,U), where F € Bunr, U/ is a line of parity zero, and
U™ )r is a Z/27-graded isomorphism. For u € A* we define a map m,: X x Bung, —
B’ﬁ/nT,,\ as follows. It sends (x€ X, (F,U) € Bfﬁ/nm) to (F(ux),U"), where

()

Z/{/ =U ® (L:]:n )X ® TO(/,LX) (25)

is equipped with the isomorphism
U hr (26)

given by Proposition 4.1. Let us explain that for u € A* we may view O(ux) as a k-

point of Buny:, and tp(x denotes here the fibre of r at O(ux) € Buny:. Recall that
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over Buny: we have an isomorphism t" S |Bun,, Obtained from (24). This is how (26) is
obtained.
The Hecke functor

H"*: D.(Bunr,;) — D, (X x Bung,)

is defined as H"(K)=m} K. For a€ un(k) the corresponding 2-automorphism of X x
BflTnT, » acts by a on U and trivially on (F, x). The image of this 2-automorphism under
m, acts by a on U’ and trivially on F(ux). So, if K € D, (B’ﬁ/nm) then u,(k) acts on my K
by ¢.

If A’ is a free abelian group of finite type and j: A — A’ is a linear map, for
T'= A’ ® G,, we get a map j: Buny — Buny such that if 1 € A’ then L’}.(f) = Ei_f’j. Here

v

A’=Hom(A’, Z). The diagram

AP
s %
A 3 A

yields a diagram of morphisms

Bun: — Bunr
Vi X

n,
Bun; — Buny,
where ng sends F to F®".

Lemma 5.4. For F cBunr,7° € Bung: let 7=7° xp: T. Our choice of (24) yields an

isomorphism
AFeT 5 Ar® ‘L',;?un ® ([:21(1,12‘-71)’]_-)@”. (I

Proof. By Proposition 4.2, Argr — Ar @ 17 @ LIT) r. Now LE0F »— LIV o 7 —

([Z}”Ei}’j) T)®" because of the biextension structure on £V, [ |

Let a: Bungp: x B’En” — B’ﬁ/nm be the map sending (77, FUU"S rp) to (FQ
T,.U), where T =7% xp: T, and

U=URtr: @ LY. - (27)

is equipped with the isomorphism ¢/’ = A g7 given by Lemma 5.4.
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Lemma 5.5. The map a has a natural structure of an action of the group stack Bunz: on

B/-l\l-/n T+ O

P2

Proof. The bilinear form associated to v is &: A*® A* — 7. Using Remark 4.3 and

applying Proposition 4.2 to t on Bung:, for 7%, G* € Buny: one gets an isomorphism
7 @ Tgr ® ﬁ?jigvﬁ)j— = TGi@Tt, (28)

where 7 =77 xq: T. This combined with Lemma 5.4 gives a 2-morphism making the

following diagram 2-commutative

—~ ld xXa —~
Bungy: x Buny: x Bunr; — Bung: x Bunrg;

J mxid la
—~ a —~
Buny: x Bunr, — Bunr; .

Here m is the product map for Buny:. Besides, there is a natural 2-morphism identifying

the restriction of a to the trivial T*-torsor with the identity map. [ |

Consider the map €°: B(un)—>B’1\1/nT,,\ sending (U, U™ — k) to (FO, U, U™ ryo).
We used the fact that Aro Sk canonically, here F° is the trivial T-torsor on X. The

composition
id xe® ~ a s~
Bunr: xB(u,) — Bungp: x Bunry, — BunT,;\

is naturally 2-isomorphic to 7 : Bfl\fnTm — Bfl\fnT,,\. We have a 2-commutative diagram

BunTu X Bfl\l/nT,,\ —&> BunTu X BTllnT,,\
\A a \L pr; (29)
B/-ITI/IIT’)L,

where @ is the isomorphism sending (7%, F,U,U" = rx) to (T5, FR T, U, U™ rrgr)
with 7 =7* xp: T, and U’ is given by (27). So, a is a Bung:-torsor.

Let T be the Langlands dual to T* torus over Q;, let E be a T?-local system on X.
Let AE denote the corresponding automorphic local system on Buny:. For a A*-valued
divisor D=3, _, uxx on X, write O(D) := AJ(D) € Buny: then

AEop) — ® Ekx
xeX

canonically. Here for ;1 € A* we denoted by E* the push forward of E via u: T¢ — G,.

Note that AE is a character local system on Bunry:. So, for the product map m there is a
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natural isomorphism m* AE = AENX AE, in particular, the restriction of AE to the trivial

T*-torsor is trivialized.

Definition 5.2. A E-Hecke eigensheaf in D;(Bfﬁln”) is an object K € Dg(BFﬁ/nT,,\) equipped
with a (Bunry:, AE)-equivariant structure. This means that it is equipped with an isomor-
phism a*K = AE X K, which is associative, and whose restriction to the unit section is

trivialized (in a way compatible with the character local system structure on AE). O

Note that if K €D, (Bfl\fnT,,\) is a E-Hecke eigen-sheaf then for u € A" we get an
isomorphism H*(K) 5 EFXK.
Let

@: Bung: x Bung: ;, — Bunps,

be the map sending (7%, F*, U, U" > rz) with T =T% xp: T, F = F* x: T to the collection
(T* ® F*,U'), where U’ is given by (27) and equipped with the isomorphism U/ = A rgr
given by Lemma 5.4. The map d’ is equipped with a structure of an action map of Buny:

on Bfl\fnTn, »- The diagram is naturally 2-commutative and cartesian

—~ i —~
Bung: x Bungy: 5 Bunry:
} id xx I (30)

—~ a —~
BunT: X BunT,A — BunT,A .

Define the derived category D, (Bung: x BTfnTM) similarly, that is, by requiring
that u,(k) acts by ¢. Consider the 2-automorphism of Bung: x B’ﬁ/nT:,k acting by a € un(k)
on U and trivially on 7%, F*. Its image under a* acts by a on ¢’ and trivially on 7% ® F*.

Therefore, (af)*: D, (Buny:,) — D, (Bung: x Bungs ).

Proof of Proposition 2.2(i). The local system W is naturally equipped with an isomor-
phism (@)*W > AE X W, which is associative, and its restriction to the unit section of

Bungy: is trivialized. Since (30) is cartesian, =W is a E-Hecke eigen-sheaf naturally. W

5.2.4
As in Section 3.3.3, define K by the exact sequence 1 — K — T* Lro.

Lemma 5.6. Let G, be a K-torsor on X, u € A”. The p,-torsor on Bun‘;j with fibre 7ggg, ®

75 latGe Bun/, is constant on Bun.. and independent of . We have canonically 7ggg, ®

‘Eg_l;fgl. O
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Proof. The nth power of the line bundle on Bun’, with fibre 7ggg, ® 75 'at G is triv-

ialized, so we think of it as a u,-torsor. By Proposition 4.2, for G € Buny: we get
~ A . . L id xi

Tgeg, = Tg ® 7g, ® (7 LE'G). The map %: A? x A* — Z factors as A* x AP 3 AY x A — Z.

Therefore,

‘17."70_>k7

£ auniv £ pun
"Lgg — "Lg,
where F° is the trivial T-torsor. The latter isomorphism comes from the biextension

structure on £V, ]

Write Bun’, for the coarse moduli space of Bun’,, similarly for Bun/.. For u €
A" and a k-point e Bun‘;n, 1 (7, Bun‘;n) is abelian and independent of n and x up to a
canonical isomorphism, we simply denote it by =; (Bun,.). Similarly for =; (Bun,). The
map ix induces a Galois covering z : Bun},, — Bun’ with Galois group H'(X, K). It yields

an exact sequence
1 — m;(Bun,.) — m(Bun,) — H' (X, K) — 1. (31)

Note that over Bun9, the line bundle r descends to a line bundle on its coarse

0
T

¢ A— A defined as in [19, Corollary 8.6], here A:Bung,,,. By Lemma 5.6, HY(X,K)C

K (7). This inclusion may be strict, see example in Section 5.2.6.

moduli space Bun;.., which is an abelian variety. Let K(r) denote the kernel of the map

If Sis a scheme, H is a flat finitely presented and separated group scheme over
S, X is an algebraic stack over S, and «: pr, — pr, is a 2-morphism for the projection
pry: H xs X — X defining an action of H on X by 2-automorphisms, we will use a rigidi-
fication of X along H [1, Definition 5.1.9 and Theorem 5.1.5] obtained by killing H inside
the automorphisms of objects of X'.

Let ' Buny: be obtained from Buny: by killing the group H°(X, K) inside the auto-
morphisms of Buny:. The projection Buny: — 'Bung: is a K-gerbe. One has noncanoni-
cally ' Bunr: S Bun,; x B(T). The map ix factors through 'ix: 'Buns: — Bunr, the map 'ix
is a Galois covering with Galois group H' (X, K).

Since §, = % it follows that K acts trivially on . So, T descends to a line bundle

't on’ Buny:. The isomorphism " — A% also descends to an isomorphism
T 5 (ix)*h (32)

on 'Bung:. Let ‘w:'Buns — Bung, be the map corresponding to (32). Now applying

Remark 4.1 ii) and Lemma 5.6 to the Galois covering 'ix: ' Buny: — Bunr, we get a central
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extension
1— pup(k) > I ->HY(X,K)—>1 (33)

(eventually depending on u) such that 'z:’Bunf, — B/Hn’},,\ is a Galois covering with
Galois group I, here I' acts on 'Buny: via its quotient H'(X, K). We write I}, =I" if
we need to express the dependence of I on u.

Given v € A* and a k-point 7% € Bun},, the action by 77 yields a diagram

ntv
Tt

\L’n 7

~ u ~ v
BunT,k — BunT,,\ s

'Bun), — 'Bun

where the horizontal arrows are isomorphisms. This provides an isomorphism «,: I', >
Ii4v, which depends only on v, u and not on 77, because Buny, is connected. Moreover,
for v; € A* we get @, @, = @y, +,,. In this sense, I, is independent of u.

Define the category of {-genuine local systems on Bunr, as the category of local

systems in D, (BFﬁ/nT,,\). For € A* let
1 — pn(k) - I' = 7 (Bun,) — 1
be the exact sequence obtained as the pull-back of (33) by (31).

Corollary 5.1. Let pu € A",

(1) The category of ¢-genuine Q;-local systems on B’ﬁ/n';’ , is equivalent to the cat-
egory of I'),-equivariant Q;-local systems V on’ Bun/,, such that the subgroup
un(k) acts on V by the character ¢: u,(k) — @j

(2) The category of ¢-genuine Q-local systems on BTfn’"TL’L is equivalent to
the category of finite-dimensional representations of I, on which u,(k)
acts by ¢. O

Proof. (2) Let I" act on Bun’, via its quotient H!(X, K). The natural map «t: 'Bun/, —
Bun/., is I'-equivariant. Now t* gives an equivalence of the category of I'-equivariant

Q;-local system on Bun/.., on which u,(k) acts by ¢ with the category of I'-equivariant

w
TH?

over a stack Y, o* is an equivalence between the categories of Q;-local systems on ¥
and on Y. [ |

Qy-local system on’Bun’,, on which u,(k) acts by ¢. Indeed, for any Gm-gerbe o : Y—>vY

9102 ‘2 Yyore |\ uo 1senb Ag /B10'seulno [pojxo-uiwi//:dny wouy pepeojumoq


http://imrn.oxfordjournals.org/

8716 S. Lysenko

In [19, Section 10.4] the Weil pairing on K(r) has been constructed, it is a skew-
symmetric bilinear form b,: K(r) x K(r) - G, associated to the above map ¢,: A—
A with A=Bun),. By our construction, the commutator of the extension (33) is the
restriction of b, to H'(X, K). The latter takes values in u,, because t" descends under
Bunr: — Bunry.

The map ¢, is not always an isogeny, and K(r) is not always a finite group
scheme. If ¢, is an isogeny then by [19, Theorem 10.1] the bilinear form b, is non-

degenerate, it identifies K () with its Cartier dual.

Proposition 5.1. The commutator (-,-).: H!(X, K) x H (X, K) — u,(k) of (33) is non-

degenerate and independent of i € A%, it induces an isomorphism

H' (X, K) > Hom(H! (X, K), un(k)). O

Proof. The commutator (-, -). is described as follows. Since A/A? is a Z/nZ-module, we
get Hom(A?/ A, 17/7) 5 A/A* canonically. So, K — Hom(A?/A, un) — (A/A?) ® i, canon-
ically. The cup-product gives the pairing

H' (X, A® pn) @ H'(X, A ® ptn) > HA(X, A® A @ uE) 5 HX(X, 8% > . (34)

We have an exact sequence 0 — (A*/nA) ® un— A ® pp— (A/AYH @ 1, — 0. It yields a

long exact sequence

HY (X, A®uy) > HU(X, K) — HX(X, (A*/nA) @ uy) — HAX, A® un)

s \:
(A*/nA) A/nA,

where the vertical arrows are canonical isomorphisms. This shows that v is surjective.
The pairing (34) is skew-symmetric, because « is symmetric, and the cup-product is
skew-symmetric. This pairing vanishes (Kerv) x H' (X, A ® u,), because it vanishes after
restriction to H (X, (A*/nA) ® u,) ® H (X, A ® uy). So, we get a non-degenerate pairing
HY(X,K) x H'(X, K) = un. [ ]

Second proof of Proposition 5.1 in the case dim T = 1.

Step 1. Assume first dim T arbitrary. Let us show that the group K(r) identifies with the
group of 7% € Bun?, such that for all u € A* the line bundle L‘,"T(é‘)/" is trivial on X.

Let 77 cBun),. Consider the line bundle on Bunj. with fibre r7:g¢: ® 7' at

G" € Bun).. From (28) we see that this line bundle is constant if and only if the line
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bundle with fibre Cz?ig"j)j at G* € Bun), is constant. Here 7 =77 xp: T. This is equivalent

to requiring that for all 1 € A* the line bundle on X with fibre

]ii?g(ux))j = (57%) )x
at x € X is trivial.

Let @ denote the image of Ik AF— A. Let Ty be the split torus, whose weights
are ©. The inclusion ® c A gives a morphism T — Tp. Let K; be the kernel of T — Ty, so
H'(X, K;) is the kernel of Bun) — Bunj . Then K(r) is the preimage of H'(X, K;) under
Bunj, — Bunj.

Step 2. If rk(A) =1, then the only nontrivial case is « # 0. In this case let d>0
be such that «(A ® A) =dZ, recall that d is even. Let e be the smallest positive integer
such that de € nZ. Then A" =eA, 6= %i/i. So, K = e and K = Med. Recall that the Weil
pairing b, on K(7) is non-degenerate. Since e and e—r‘f are relatively prime, the orders of the
groups H!(X, K) and H!(X, K;) are relatively prime. So, the restriction of b, to H! (X, K)

is also nondegenerate. [

Corollary 5.2. The center of I" is u,(k). There is a unique irreducible representation of

I’ with central character ¢. O

Let HC H!(X, K) be a maximal subgroup isotropic with respect to (-,-).. The
order of H!(X, K) is €%, where e is the order of A/A% so H is of order e9. Recall that
H!(X, K) acts on’ Bung:. Let Buny: 5 denote the quotient of ' Bung: by H. For u € A* write

Buny, . for the image of 'Bun/, in Buny: y. Let
/BTI/HTt — Bfﬁ/nTtt,H E) B/-l\l-/:[lT,)L
be obtained from 'Bunr: — Bunr: g — Bunr by the base change Bfin“ — Bungy.
Proof of Proposition 2.2(ii). Let u <€ A*. Let Hr be the preimage of H in I, H be the

preimage of Hy in I'. Let x: m;(Bun,.) — Qf be the character corresponding to AE. By

[23, Proposition 2.1], we may and do pick a character : H — Q! extending
¢ Ry pun(k) x T (Bung,) - Qj.

It yields a Hy-equivariant structure on AE over ' Bun’, such that u,(k) acts on it by ¢.

Since ' Bungp: — BTfnTu_H is a Galois covering with Galois group H, we get a rank
11ocal system AEy on Buny: ; equipped with an isomorphism of its restriction to ’ Buny:
with AE. Set Kz =g (AEgR).
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Over Bfl\fn’},,\ the local system 7, W of Proposition 2.2 corresponds via the equiva-

lence of Corollary 5.1 to the representation

r
Indﬂn(k)wr] (@Tt)(f X x).

Pick a vector space V and an isomorphism of the above representation with V® Indg X.
It yields a decomposition 7 W — V ® Kz over Bfl\fn’;’)x for each p € A". The Hecke property
of K is obtained from that of =, W. [ |

Remark 5.5. In our setting what really matters in the input data (6, n) is the bilinear
form : A ® A — Q/Z (compare with [10, Remark 1]). Namely, let d > 1. Assume nd invert-
ible in k. Let Z: j1q(k) — QF be a character satisfying {?=¢. Let Buny,,« be the gerbe of
ndth roots of A%, We have a morphism

de ]3,-1\1{111")L — Bfﬁ/nT_;Ld
sending (B, F, B"S Ax) to (B, F, B S )\%). The functor f gives rise to an equivalence
fi: Dg(Bung ,a) — D (Bunr;).

So, (#,n) and (9% dn) give rise essentially to the same problem of the spectral

decomposition. O

5.2.5

By Lemma 5.6, for G, G, € Bung we have naturally 7g, ® 7g, 5 7¢,00,- Let A(t) denote the

biextension of Buny: x Bung, whose fibre at G, G; is
-1 -1
Tgeg ®Tg O Tg -
Lemma 5.6 yields a trivialization of this biextension. Now by ([19], Theorem 10.5), there

is a line bundle ry on Bunr: g, whose restriction to ' Buny: is identified with 'z.

Question. Is it true that the line bundle t}} ® A~! is trivial on Buny: z? We know already
that the restriction of the central extension (33) to H is abelian. Does the restriction
of the central extension (33) to H split? Is it true that the gerbe BflTnTn,H — Bunr: g is

trivial? O

5.2.6 Example (1)

Take A=7,s0 T=G,, and x: A ® A— Z given by «(x1, X2) = 2x1%,. There is an object
0 = (k, A, c) € P(X, A) such that the corresponding line bundle A on Bun; has fibre
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detRIN(X, L) ® detRI"(X, L™') ® detRI'(X, ©)~2 at L € Bun,. We get 8, =« here. Pick a
square root of (x, A, c) in P?(X, A), it yields as in Section 4.2 a super line bundle £; on
Bun; with a Z/27Z-graded isomorphism £? = ) on Buny. Over Bun? the line bundle £;
descends to Bun).

Let n>1. Let e> 1 be the smallest positive integer such that 2e € nZ. So, e=nfor
n odd and e=n/2 for n even. We get A* = eZ. Identify T* with G,,, so that ix: Bun; =

Buns: — Bung = Bun; is L — L.

Lemma 5.7. For any L € Bun, there is a canonical 7Z/2Z-graded isomorphism

RI'(X, L° RI(X.L~°) ~
detRI'(X, L°) ® det RI"(X, ) 3 detRI(X, 0)22¢. O
detRIN(X, L)¢ ® detRI'(L—1)e

Proof. Let K(L) denotes the LHS of the formula to be proved. Note that K(L) descends
to a line bundle on Bun,. It suffices to check that for x€ X one has K(L(x)) S K(L)
canonically. Since det RI"'(X, -) is multiplicative in exact sequences of coherent sheaves

on X, this is reduced to showing that

detRI'(X, Lé(ex)/L°) ® L;“’Z
detRI'(X, L—¢/L—¢(—ex)) ® (L(x)/L)¢

is canonically trivialized. Using the fact that for a line bundle A on X one has canoni-
cally det RI" (X, A(ex)/A) — Al ® detRI'(X, O(ex)/O), our claim is reduced to a canonical
isomorphism det RI"(X, O(ex)/O) = det RI'(X, O/O(—ex)) @ 2;¢. [

We may pick (24) here with the following properties. The line bundle t on
Buny: =Bun,; is as follows. If n is odd, then 7; =detRI'(X,L)"® detRI'(X, L )" ®
detRI'(X, ©)~?". If nis even, then v = LS is a super line bundle.

The group K(r) C Bun! is as follows. If nis odd, then K(r) = H'(X, u2,), and the
inclusion H!(X, K) C K(7) is strict. If n is even, then K(r) = H' (X, ue), and H (X, K) =
K(7).

Example (2). Consider the case when « (A ® A) C 2Z. Pick a presentation 5 =), b; (ki ® A)
with )VLL- € A. For 1 € A let R* be the line bundle on Bunr with fibre

detRI'(X, £i) ® det RI'(X, L)
detRI'(X, 0)2

at F € Buny. There is 6 = (k, A, ¢) € P?(X, A) such that the corresponding line bundle A on
Bunr is A = ®i(RXi)bi, and we get §, =«.
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5.2.7 Corrected scalar products

Let E, E' be T*-local systems on X. The local system AE on Buny: descends to a (defined
up to a unique isomorphism) local system on Bun,. that we denote by the same letter by
abuse of notation. For each u € A* we may consider the “corrected scalar product” of AE

and AE’, namely

RI(Bun/,, AE* ® AE'). (35)

The word “corrected” here refers to the rigidification of Bunr along T. A similar rigidifi-
cation (along the center of GL,) has appeared in the calculation of the scalar product of

automorphic sheaves for GL,, in [17].

Lemma 5.8. The complex (35) vanishes unless E = E'.If E= E’, then for each we A the
complex (35) identifies canonically with @; A‘H! (Bun%., Q,)[—i]. O

To express the dependence of the automorphic sheaf K of Proposition 2.2 on E,
let us write Kz =K. Consider the complex (Kg)* ® Kz on B/Hnm. Note that u,(k) acts
trivially on this complex, so it descends to a complex (defined up to a unique isomor-
phism) on Bun,, we denote it by the same letter by abuse of notation. The “corrected

scalar product” of £z and Kz is

RI"(Bunf, (Kg)* ® Kg). (36)

Proposition 5.2. For each u € A* one has canonically

RI(Bunk, (Kp)* ® Kg) = RI(Bun’,, AE* ® AE'). (37)
O

Proof. If E and E’ are not isomorphic then both sides vanish, so we assume E = E’.
Recall that the map 7y : BTfnT:,H — Bﬂﬁ/n“ defined in Section 5.2.4 is an étale Galois cov-
ering with Galois group H!(X, K)/H. Let AEy and x be as in the proof of Proposition 2.2.

Note that 75Kz — Do er x.x)a 0 AEH, SO

(Kg)* ® Kg = 7 ( @ AE} ® 0" AEg).
oeH (X, K)/H
The local system o*AEg corresponds to the character x° obtained from x by conju-
gating with any element 6 € I' over o. Write Bung; ;; for the coarse moduli space of
Bunr: g. For each o, the local system AE};, ® 0*AEg descends with respect to the gerbe

BfffnT:,H — Buny, 4. Foro € H!(X, K)/H we have y = x° if and only if 0 =0, because (-, -).
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is non-degenerate. So, only o =0 contributes nontrivially to the LHS of (37), which
idenitifies with RI"(Bun/, ., Qo). [ |

5.2.8 About Question 2.1

If the answer to Question 2.1 is positive, then for any u € A* there is M € D, (Bffl/n’;w’k) such
that for any T?-local system E on X the complex RHom(Kz, M) is placed in cohomologi-
cal degree zero and is of dimension one.

Here is a model situation for T =G,, and g=1 showing that one should expect
the negative answer to Question 2.1. Let Y, X be elliptic curves and i: Y— X be an
isogeny with kernel K, which is reduced of order €. Assume given a central extension
1 — pp(k) > I' - K — 1 such that the corresponding commutator pairing yields an iso-
morphism K = Hom(K, pn(k)). Let I" act on Y via its quotient K, write X for the stack
quotient of Y by I'. Pick an injective character ¢: u,(k) — Q;‘ Let D, (X) be the bounded
derived category of Q,-sheaves on X on which u,(k) acts by ¢. Each irreducible local
system E € D, (X) is of rank e.

Proposition 5.3. Let E be an irreducible local system in D,(X). If M€ D,(X), then e
divides x (Speck, RHom(E, M)). O

Proof. Let h: Y— X be the quotient map. By [11, Theorem 6.7], we get x(Y, h"(E* ®
M)) =ex (Y, h*M), as we may replace h*E by Q? The complex h,Q, decomposes by the
characters of u,(k), and only the trivial character of (k) contributes to x (X, (E*®@ M) ®
h.Qo) =€ x (X, (E* ® M)). So, x (Y. h* M) = ex (X, E* ® M).

Let us show that if F € D, (X) then x (Y, h*F) is divisible by €2. Indeed, x (Y, h*F)
depends only on the image of F in the Grothendieck group of D, (X). The latter is gener-
ated by the irreducible perverse sheaves. Let F € D,(X) be an irreducible perverse sheaf.
If F is supported on the preimage of a point in X, then this is clear. Assume now F is sup-
ported generically. For each point x € X, where F is not a local system, i~!(x) consists
of € elements. By the Ogg-Shafarevich formula for the Euler characteristic, the local
contributions in x (Y, h*F) for all points in i~!(x) are the same. So, x (Y, h*F) is divisible
by €. [ ]
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