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Abstract

We study the control and stabilization of the Benjamin-Ono equation in L?(T),
the lowest regularity where the initial value problem is well-posed. This problem
was already initiated in Linares and Rosier (Trans Am Math Soc 367:4595-4626,
2015) where a stronger stabilization term was used (that makes the equation of
parabolic type in the control zone). Here we employ a more natural stabilization
term related to the L?—norm. Moreover, by proving a theorem of controllability
in L?, we manage to prove the global controllability in large time. Our analysis
relies strongly on the bilinear estimates proved in Molinet and Pilod (Anal PDE
5:365-395, 2012) and some new extension of these estimates established here.

1. Introduction

In this paper, we consider the BO equation posed on the periodic domain T =
R/Q2r7Z):
ur +Huyy —uuy =0, xeT, telR, (1.1)

where u is real valued and the Hilbert transform H is defined via the Fourier
transform as

(Hu) () = —i sgn(§)a(§), £ €.

The BO equation, posed on the line, arises as a model in wave propagation in
stratified fluids (see [6,41]) and has widely been studied in many different contexts
(see [1-3,8,10,14-16,18,20,23,25,36,38-40,50,51]).

In the periodic setting the best known result to date regarding well-posedness
for the Cauchy problem was obtained by MOLINET [34] (see also [37]), which
guarantees the global well-posedness of the problem (1.1) for initial L> data. One
of the main tools employed to obtain this result is the use of Tao’s gauge transform
[51].
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The BO equation possesses an infinite number of conserved quantities (see [9]).
The first two conserved quantities are

Il(t)=/u(x,t)dx
T

and

10 =/ u?(x, ) dx.
T

Since the BO equation was derived to study the propagation of interfaces of stratified
fluids, it is natural to think of /1 and I, as expressing conservation of volume (or
mass) and energy, respectively.

Here we will study the Equation (1.1) from a control point of view with a forcing
term f = f(x,t) added to the equation as a control input:

ur + Huyy —uuy = f(x,1), x€T, teR, (1.2)

where f is assumed to be supported in a given open set w C T. In control theory
the following problems are essential:

Exact Control Problem: Given an initial state ug and a terminal state u; in a
certain space, can one find an appropriate control input f so that the Equation (1.2)
admits a solution u# which satisfies u(-,0) = ug and u(-, T) = u;?

Stabilization Problem: Can one find a feedback law f = Ku so that the
resulting closed-loop system

u; + Huyy —uuy = Ku, xeT, teRT

is asymptotically stable as t — +o00?

Those questions were first investigated by RUSSELL AND ZHANG in [49] for the
Korteweg-de Vries equation, which serves as a model for propagation of surface
waves along a channel:

U +uyxx —uuy =f, xeT, telR. (1.3)

In their work, in order to keep the mass I;(t) conserved, the control input was
chosen in the form

fx, 1) = (Sh)(x, 1) := a(x) (h(x, 1 — /Ta(y)h(% t)dy) (1.4)

where & is considered as a new control input, and a(x) is a given nonnegative
smooth function such that {x € T; a(x) > 0} = w and

Zn[a]z/a(x)dxz 1.
T

For the chosen a, it is easy to see that

d
—/u(x,t)dx:/f(x,t)dx:O Vi eR
dr Jr T
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for any solution u = u(x, t) of the system
Uy +Uyyy —uy =Gh, xeT, telR. (1.5)

Thus the mass of the system is indeed conserved.

The control of dispersive nonlinear wave equations on a periodic domain has
been extensively studied in the last decade: see example [28,46,49] for the Korteweg-
de Vries equation, [33] for the Boussinesq system, [48] for the Benjamin-Bona-
Mahony equation, and [12,26,27,44,47] for the nonlinear Schrodinger equation.
By contrast, the control theory of the BO equation is at its early stage. The linear
problem was studied by LINARES AND ORTEGA [29]. They established the following
results regarding control and stabilization in this case.

Theorem A. ([29]) Let s = 0 and T > 0 be given. Then for any ug, u; € H*(T)
with [ug] = [u1] one can find a control input h € L%0, T, H*(T)) such that the
solution of the system

uy + Huyx = Sh,  u(x,0) = ug(x) (1.6)
satisfies u(x, T) = uj(x).
In order to stabilize (1.6), they employed a simple control law
hx,t) = =G u(x,t) = —Gu(x,1).
The resulting closed-loop system reads

ur + Huyy = _SS*ILI

Theorem B. ([29]) Let s = 0 be given. Then there exist some constants C > 0 and
A > 0 such that for any ug € H*(T), the solution of

ur + Huyy = —G5%u,  u(x,0) =up(x),
satisfies
luC, 1) = [uwoll gsemy < Ce M llug — [uolll sy~ Vt = 0.

One of the main difficulties of extending the linear results to the nonlinear ones
comes from the fact that one cannot use the contraction principle in its usual form
to establish the local well-posedness of BO in Hj(T) = {u € H*(T), [u] = 0} for
s = 0 (see [39]). The method of proof in [34,37] strongly used Tao’s gauge trans-
form, and it is not clear whether this approach can be followed when an additional
control term is present in the equation. Nevertheless, LINARES AND ROSIER in [31]
obtained the first results regarding stabilization and control for the BO equation.
For completeness we will briefly describe these results.

1 Actually, it is easily seen that § is self-adjoint (that is §* = G). However, we shall keep
the usual notation for the feedback & = —G*u throughout.
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In [31] was considered the following feedback law
h = —D(Su),

where 574(5 ) = |&| u(&) is used to stabilize the BO equation. Thus scaling in (1.3)
by u gives (at least formally)

%nu(r)niw) +/0T HD%(Su)‘ ’

1
ey &= 5 00ll2my s (L)

which suggests that the energy is dissipated over time. On the other hand, (1.7)
reveals a smoothing effect, at least in the region {a¢ > 0}. Using a propagation
of regularity property in the same vein as in [12,26-28], it was proved that the
smoothing effect holds everywhere, that is

[leel| 5 1 < C(T, luol). (1.3)
L (O,T;HZ(T))

Using this smoothing effect and the classical compactness/uniqueness argument, it
was shown that the corresponding closed-loop equation is semi-globally exponen-
tially stable. More precisely,

Theorem C. ([31]) Let R > 0 be given. Then there exist some constants C = C(R)
and . = A(R) such that for any ugy € Hg(T) with |lug|| £ R, the weak solutions in
the sense of vanishing viscosity of

ur + Huxx —uuy = =§(D(Su)), u(x,0) = uo(x), (1.9)

satisfy
lu@)| £ Ce ™ lluoll Ve = 0.

Using again the smoothing effect (1.8), it was possible to extend (at least locally)
the exponential stability from H{(T) to Hj(T) fors > 1/2.

Theorem D. ([31]) Let s € (%, 2]. Then there exists p > 0 such that for any data
ug € Hy (T) with |luoll gs(y < p, there exists for all T > 0 a unique solution u(t)

1
of (1.9) in the class C([0, T], Hj(T)) N L0, T, HS+2 (T)). Furthermore, there
exist some constants C > 0 and A > 0 such that

lu(@®)lls < Ce™ Jluglls Vi 20,

Finally, including the same feedback law 4 = —D(Gu) in the control input to
obtain a smoothing effect, an exact controllability result for the full equation was
derived as well. More precisely,

Theorem E. ([31]) Let s € (%, 2l and T > 0 be given. Then there exists § > 0
such that for any ug, uy € Hy(T) satisfying

luollgsery =8, lutllgsr =6

one can find a control input h € L%, T, HS_%(T)) such that the system (1.5)
1
admits a solution u € C([0, T1, Hj(T)) N L0, T, HS+2 (T)) satisfying
u(x,0) =up(x), wulx,T)=uj(x).
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Our main purpose here is to obtain the control and stabilization result in the
largest space where local well-posedness is known for the BO equation, that is, for
initial data in L>(T). As we commented above the main difficulty in treating the

problem for data in L? is using the gauge transform w = — '5 Pi(ue™ ) introduced
in [51]. We first consider the Cauchy problem associated to the BO equation with
a forcing term, that is,

Hul—i—ﬂ{uxx—uux:g, xeT, t>0, (1.10)

u(x,0) =upx)

fordatain L2(T) and g € L?([0, T'], L?>(T)). Then, we establish the well-posedness
theory for (1.10). The main tool used is the bilinear estimates approach employed
by MOLINET AND P1LoD [37] to show the local well-posedness of the BO equation
in both cases in the real line and in the periodic setting for data in L?(T) (see [18]
for the first proof of this result in L2(R)). The argument in [37] takes advantage
of uniform estimates for small data for which the gauge transform is well defined
and a scaled argument (subcritical) is used to consider any size data. In our case,
we apply some Sobolev estimates which avoid the use of uniform estimates and we
apply directly the argument in [37]. Then we have to analyze the gauge transform
for large frequency data, for which this transformation has a bad behavior. To do
so we extend previous estimates to overcome this difficulty. For instance we refine
the bilinear estimates and obtain an extra time factor (see Lemma 2.8) as well as
intermediate estimates to deal with large data (see the “Appendix”).

Next we describe the main results in this paper.

We begin with the exact controllability result, more precisely:

Theorem 1.1. (i) (Small data) For any T > 0, there exists some § > 0 such that
for any ug, uy € L2(T) with

luoll =8, llurll =8 and [uol = [u1l

one can find a control input h € L2([0, T1, L3(T)) such that the solution u of
the system

(1.11)

Ur + g{uxx —UlUy = 9h7
u(x,0) =up(x)

satisfies u(x, T) = uy1(x) on T.

(i1) (Large data) For any R > 0, there exists a positive T = T (R) such that the
above property holds for any ug, u; € L*(T) with

luoll = R, lluill = R and [uol = [u1].

Remark 1.1. We will give the proof of the theorem assuming that [ug] = [11] =
0. The general case can be done after the change of variables u(x,t) = u(x —
t[uol, t) — [uo] is made in the equation in (1.11). The results in Theorem A remain
valid for the new equation in .
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The argument of proof is as follows. The control result for large data (ii) will
be a combination of a stabilization result presented below and of the result (i)
for small data, as is usual in control theory (see for instance [12,13,26-28]). The
local control result (i) will be proved using a perturbation argument from the linear
result [29]. The difficulty comes from the fact that we need some estimates at higher
order for the nonlinear equation, which are quite complicated due to the absence
of a direct Duhamel formulation. Indeed, we need to have an expansion for all
the elements used for the well-posedness theory. These estimates will come from
the Benjamin-Ono equation verified by u, from the equation verified by the gauge
transform w and from the “inversion” of the gauge transform. For example, we will
need some estimates of the form 2iw = Piu + o(||(u, v) ||§() and some Lipschitz
type estimates of this fact.

In order to stabilize (1.11), we employ a simple control law

hix,t) = =G u(x, 1),

where G* denotes the adjoint operator of §. Thus the resulting closed-loop system
is
ur 4+ Huyy +uuy, = —9G5*u.

Theorem 1.2. There exist some functions ¢, X : Ry — Ry with ¢ nondecreasing
and A nonincreasing such that for any ug € L*(T), the solution of

{u[ + Huxy — uuy = —G5G*u, (1.12)

u(x,0) = ug(x)

satisfies
luC-, 1) = [wolll 2¢py S Ce ™ flug — [uolll2ery V2 20

where ). = A(|luoll), C = C(lluol}).

Remark 1.2. After the change of variables u(x, ) = u(x — t[ugl, t) — [uo] de-
scribed in Remark 1.1, we are left with some solutions with [#] = 0 and with the
same equation but with G replaced by G, defined by

(Sﬂh) (x,t) :=a(x — ut) (h(x — ut, t) — /Ta(y)h(y, t) dy) (1.13)

with & = [uo].
We will give the proof of the theorem assuming that 4 = [1p] = 0 and detail
in some remarks the necessary modifications when G is replaced by §,,.

The proof of the stabilization theorem will be obtained by an observability
estimate proved by the compactness-uniqueness method. The difference from the
case of the nonlinear Schrodinger equation (see for instance [12,26,27]) or other
nonlinear conservative equations ([13,28,42,43]) comes again from the use of the
gauge transform. We need to propagate some information from the zone of damping
to the whole space, yet the absence of a Duhamel formulation prevents us from
doing that directly on the solution u. The idea is to transfer this information from
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the solution u to the gauge transform w, then to apply some propagation results to
w, and finally to obtain the expected result by returning to the original solution u.

As was already mentioned, one of the main ingredients in our analysis is the
study of the well-posedness of the IVP

{ut+9{u”—uux=g, xeT, t>0, (1.14)

u(x, 0) = up(x),
for data ug € L*(T) and where g € L%([0, T, L*(T)).
More precisely,

Theorem 1.3. For any ug € LZ(T), g€ L%([0, T, Lz(T)) and T > 0, there exists
a solution

ueC(0,T1, LX) N X, "' nLELY(T) (1.15)
of (1.14) such that
w =3, P (e—%*’?lﬁ) € X, (1.16)
where
—_— 1
i =ulx —tluol, t) — [uo] and 97" := E, £EecZ”,
1

and X;l’l and X, are defined in (2.3) and (2.5) below, respectively.
The solution u is unique in the class

L2 4 0,1/2
we L®(0,T); LX(T) N L*(0, T) x T) and w e Xy'/?,

where Xg’l/z is defined in (2.3) below.
Moreover, u € C([0, T]; L3(T)) and the flow map data—solution: (ugp, g) — u
is locally Lipschitz continuous from L*(T) into C ([0, T1; L>(T)).

The proof of this theorem does not follow directly from the theory established
by MOLINET AND PiLoD [37]. We have to distinguish two cases, small and large
data, instead. To apply the scale argument in [37] there is a need of some uniform
estimates that do not hold when we introduce the source term g and consider any
data. To deal with large data we have to go around the gauge transform since in this
case it is not “invertible”. We prove the theorem when [u¢] = 0. The general case
follows as commented above.

The plan of the paper is as follows: in Section 2 we introduce some notations and
establish estimates needed in our analysis. General estimates which do not depend
on the size of the data are derived in Section 3. In Section 4 we deduce estimates
used to complete the proof of Theorem 1.3 for small data. Next, in Section 5, we
establish Theorem 1.3 for large data. The control results are proved in Section 6.
Section 7 contains preliminary tools to establish Theorem 1.2. The stabilization is
demonstrated in Section 8, and finally we include an appendix containing some
technical results.
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2. Notations and Preliminary Estimates

We use standard notation in Partial Differential Equations. In addition, we will
use C to denote various constants that may change from line to line. For any positive
numbers a and b, we use the notation a < b to mean that there exists a constant C
such thata < Cb.

For a 27 -periodic function f we define its Fourier transform on Z by

G =/Te—"xS fx)dx, EeZ

The free group associated with the linearized Benjamin-Ono equation denoted
by U(-) is defined as

W) f (&) = e " g).

The norm of Sobolev spaces H*(T) will be denoted by || - || and when s = 0
the notation || - || will be used.
We will use the following projection operators: for N € N* we define

Prf=xref, P<of =xe<op /s Ponf =xezmyf

IEN\f = X{ggN}fv Pof = f0), Pyf= X{|g|§1v}.)?, D
and
ONT = xue-m J- (2.2)
For s, b € R we define the spaces b GLAVARIPTY| 75? via the norms
12
oo = ([ [+ 16160760 e, o) dear) 23)

5 \1/2
1ol s =(/ (/<r+|s|s>b<s>s m(s,mds) dr) L4

, \1/2
lvllZse = 1 Povllzss + low 5. ,
z
N

and

where d€ denotes the counting measure in Z, (x) = 14 |x|, and vy corresponds to
a classical Littlewood-Paley decomposition. More precisely, let ¢ € C{°(R), even
such that ¢ = 1 on [—1, 1], Supp ¢ C (—2,2) and 0 < ¢ < 1. Define a partition
of unity ¢ on R for dyadic N = 1

2
$1=¢ and ¢N<s>=¢(%)—¢(§) for N 2.

For v : T + C we define vy by

UN = ¢N V.
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We also define the spaces X3 and X 5/ as
lvllxs = llvllxs.az + vl Zso (2.5)

and
IIUIIXE/ = vl xs.-12 + vl Z5-1. (2.6)

When s = 0 we will use X and X} to simplify the notation.

Next we define the restriction in time spaces. More precisely, for any function
space B and any T > 0, we denote by By the corresponding restriction in time
space endowed with the norm

llull s, = inf {Ilvlls = v() =u) in [0,T)}. 2.7)

We will still use X ; to denote X 57 for sake of clearness. Note that, as pointed out
in [37], we have the embedding

X3 c Zy° € C((0, T], H*(T)).
We end this section by introducing the functional space X with the norm
Qs w)llx = llull oo o, 77,22 + el 4o, 71xT) + ||M||X;1~1 +”w||x(}’1/2 + ||w||2(;,o

and we denote by X the functional space corresponding to the norm for # and
X» the functional space given by the norm corresponding to w as above. In some
computations we will also use the notation U = (4, w) € X and the subscript i to
denote different functions U;.

For most of this work we consider 7 such that 0 < T < 1.

2.1. Linear Estimates

We will begin presenting some estimates in the Bourgain spaces. We follow
[17], where the reader can also find the proofs.
Letn € C°(R) suchthat0 < n =< 1,7 = lin[—1, 1] and supp(n) C [-2, 2].

Lemma 2.1. Let s € R. Then
InOUDAlxs S Nhlls-

Lemma 2.2. Let s € R. Then forany 0 < § < 1/2,

_ <
H (t)/ (t—1)H (1) dr S I ot (2.8)
and
Hn(t)/ (t—=VH@)d'|  SIHI, 1+ Hlz. 2.9)
X3 X2
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Lemma 2.3. Forany T > 0, s € R and —% <V <b< % it holds
el oo S T2 - (2.10)

The next estimate is a Strichartz type estimate (see [37]).

Lemma 2.4. It holds that
<
luels, S el o g

3
and forany T > 0 and g < b

A
8=

3
< 7b=% )
||M||L§’T S ||M||X(;-b

Recalling the notation X} = X0=1/2 0 70~ we have
Lemma 2.5. For 0 < ¢ < 1, it holds

T1/2_8“Z”L2([0,T]XT) (211)

lzllx, <
where X/, is defined as in (2.6).

Proof. From the definition we have that

2

20501 = /(/ v+ |s|s)1|2<r,s)|dr) dg
2

=/(/<U)_llé<a—|f|s,s>|do) dé

< / / (01500 — |18, £)Pdods

S [[ e+ 1587 e arae

2
= ||Z||Xo,71/2+s

where we have used the Cauchy-Schwarz inequality and the integrability of (a )_ =2
We can use Lemma 2.3 to finish the proof. 0O

Define F = 8;1u where 8X_lu = £, £ € Z*. We denote by F; the previous
operator F defined for different functions u;.

Lemma 2.6. Let F;, i = 1, 2, be defined as above. Then

LFl LF2

27— e2 < — , 2.12
e e ey © lluy — uzllz2 (2.12)
P %Fl_ %F2 < (1 — 2.13
w (B =t )| LS (0l + alz) o = wall 2, 213)

i

P ( 2F‘—1)H < . 2.14
P (e S 2.14)



Control and Stabilization of the Benjamin-Ono Equation in LX(T) 1541

Proof. Using the Sobolev embedding and the definition of F; we have

Next we prove (2.13). Since P is not a continuous operator in L we use first
the Sobolev embedding and then the L? continuity.

|pe(er—eim)] = ¢
Loo(T) — H(T)
SC (L4 Fillg + P2l gn) IFy = Fall g

The definition of F; yields the result.
Similarly, we obtain

LR

e’ F

et SIF = Bl S CIF = Fallyn £ C iy — w2

e3fl _ p3F2

P(e%Fl—l)H gc‘ < CIF g < C lluyll .
H + Loo(T) — HI(T) = ” 1||Hl = ” 1”L2

ezl —1”
O

The next result guarantees the existence of smooth solutions for the Cauchy
problem (1.11).

Theorem 2.1. (Existence of smooth solutions)

e (Local) For a given T > 0 and s > 3/2, the initial value problem

[ut—i—ﬂ-fuxx—uux:g, xeT, t>0, 2.15)

u(x, 0) = uo(x)

is locally well-posed for initial data uy € H*(T) and g € L*([0, T1, H*(T)).
Moreover, the map (ug, g§) — u is continuous from H*(T) x L*([0, T, H*
(T)) — C([0, T1, H*(T)).

o (Global) Lets 2 2, T > 0. Then for any (ug, g) € H*(T) x L%([0, T1, H5(T))
the IVP (2.15) has a unique solution

ueC(0,T], H (D).
We notice that the result is also true with a damping term —GG*u instead of g.

Proof. The local theory can be established using parabolic regularization (see for
instance [21]) for the existence and uniqueness. The continuous dependence follows
by using the Bona-Smith argument [4].

To extend the local theory globally we can employ the quantities conserved by
the BO flow (see for instance [9,20]) to derive the appropriate a priori estimates.

O
Lemma 2.7. Let u € X. Then, the function
: T R
f:0.1]= (2.16)
t o= ullx,

is continuous, where X; is the norm of restriction on [0, t). Moreover, there exists
C such that

lim £ (£) = Cll(0), wO)ll 2.
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Proof. Fora proof of this result see, for instance, [26] (Lemma 1.4) or [24] (Lemma
6.3). O

In what follows, we will omit the dependence on T of the space X and we will
denote X = X7 for simplicity.

2.2. The Equation After Gauge Transform

Now we define the gauge transformation to obtain a new equation (see [37,51]).
Consider the IVP

8;u+9{8§u=u8xu+g=%3x (u?) +g. (2.17)
u(0) = uo '

where u is areal Valued function and u(, g are real valued functions with zero mean.
Setw =9, Py (e 2F), F=9-'u,and G = 3 g, then (2.17) becomes

[atF—i—ﬂ'CafF:%(@xF)z_%PO (F?) +G. (2.18)

F(0) = 3 up.
Denote by W = P+(e’%F ), the solution of
i ] 1 i
AW —i?W = —P, [(agp_F)eﬁF] - %P+ [(—EPO(F,?) + G) ezF} :

Since e~ 2F = W + Pgoe_%F and the cancelation P+[(83P_F)Pgoe_%F] =0
we obtain B a

] 1 i
YW —id2W = —P, [(afp_F)w] - %P+ [(—EPO(Ff) + G) e_ZF:| .
Denoting w = 0, W = —%PJr(ue’%F), it follows that
] 1 i
dw —idlw = = P [W(P_d,u)] — %axm [(—EPO(FXZ) + G) e_2F]
= — 0, Py [W(P_dw)] - %P+ [ge—%F]
'p L o) + G ) ue=t”
s > o(u ue .

We want to prove that at order one, if u(0) = ug, w = —%P+u with

2 ro 2
u([) = et}caf"l/to +/0 e(t r)j{a"g(l’) dr + O (“u()”iZ + ”g”iZ([O’T]’LZ)) .
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The main tool in our analysis is equation
dw — 107w = —0, Py [W(P-0u0)] — § Py [ge ]
—4Py [(=5 Pow?) + G ue™iF] (2.19)
w(0) = wy.
We denote the right hand side of (2.19) as

4
=141+ (2.20)

In our arguments we use the integral equivalent form of the solution of (2.19),
that is,

—9, Py [W(P_d,u)] — %P+ [ge—%F] _Lp [(—%Pg(uz) + G) ue—éF}

t
w@) =W+ [ W= 1) +T+1 () ar
0
= W(Hwo + IW(1), (2.21)
where W(¢) denotes the unitary group associated to the linear Schrodinger equation.

Remark 2.1. We observe that the estimates in Lemmas 2.1-2.4 also hold for solu-
tion of the IVP (2.19).

We will end this section giving the statement of the key (main) bilinear estimate
we will use in our analysis. It was proved by Molinet and Pilod (see Proposition
3.5 of [37]).

Lemma 2.8. Ler 6 € (0, 1/8). We have uniformly for 0 < T < 1

[ox P [W(P-ax0)] |, < €Tl w)-

We shall remark that this estimate is a slight modification of the estimates in [37]
since we also have a factor 79 that will be very useful in making some bootstrap
and absorption arguments. In the appendix, we sketch the modification of proof of
MOoLINET-PiLoD [37] that allows us to obtain that term.

In what follows, we will fix 8 € (0, 1/8) such that Lemma 2.8 and (2.11) hold
for0 < T < 1.

3. General Estimates

In this section we will derive estimates needed in our argument which are
independent of the size of the initial data.
3.1. Estimates on w
Lemma 3.1. It holds that
lwlleqo.ri.2) = Cllwlizo0 = Cllu, w)llx,

and
lwll 240, 71xm) = C||w||X<;»l/2 < Cll(u, w)| x.
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Proof. It readily follows from the space definition and Lemma 2.4. O

Lemma 3.2. For w in (2.19) and 6 € (0, 1/8) the following estimates hold

lwllx, < lwollzz + €T (gl 2o + 181201 12

)l + e w) ) (3.1)
Moreover,

lw = willx, < T (Iglz2go,ry.co (e w)lx + 16w + 1 6e w1
(3.2)

where wy, is solution of

Iale—iawaz—gmg 53)

wr (0) = wy.

Proof. We first prove that the nonlinear term in (2.21) satisfies

19Wix, < € T (16 w1 + Iglz2qo e + 16 w) I
gl 2 o710t w) x)- (3:4)
Using Lemma 2.2 we obtain
19Wlx, S 1Tl + 1l + 1) x (3.5)

where I, II, Il are defined as in (2.20).
From Lemma 2.8 we have that

i, < CT% @, w)lx-

The term Il will be crucial in our analysis. We rewrite it as

i i i i i
S 8e 3 +8 5 §\¢

=1y + 1y (3.6)
Hence Lemma 2.5 yields
o
Il x, S CTP|ML 20,71y + MNL I 220, 71T
cor s
< (||g||L2([0,T]><T) + gl L2qo.rxT) | € Lo (0. TIxT)

0
SCT (||g||L2([(),T]><']I‘) + ||g||L2([0,T]x1r)||M||Loo([o,T],L2))

<cr? (gl z2qo.71%) + €1 220,775l (8, W)l x) -
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For I, we also use Lemma 2.5

1
[y, = C T’ Il 2210, 77xT) = cr’ H_EPO (”2) + Gli2qo, 7y, Lo lu

L°°([O,T],L2)
Tl (ul?. 2, g2 qo. .2y ) Nl Lo, 71,22

L°([0,T1,L?) ([0,T].L7) ([0,T1,L%)
ST’ (I wlik + gl 2qo.ry.22) Il s )l x) -

Combining the above estimates with (3.5) yields (3.4).
Finally, using Duhamel formulation (2.21), Lemmas 2.1, 2.2, and (3.5) we have

lwllx, = llwllxo.12 + [[w]l z0.0

< lwoll2 + €T (gl 20,122 + I8 l2o.71.0 1 s wlx + 1, w1

+ s )l )
< ol 2 +CT? (Igl2qo.r2) H18 132 0 1y 2y + 10 ) I+ w) ).
(3.7)
Similarly,
lw = wellx, = llw = wellxoiz + |w = wel 700
< 77 (Il 2o,y 1t w)llx + N w1 + e, I )
(3.8)

where wy isasin (3.3). O
Next we derive the Lipschitz estimates corresponding to the X, norm.

Lemma 3.3. (Lipschitz estimates) Let wi and wy be solutions of (2.19) and 0 €
(0, 1/8). Then the following estimates hold:

lwi —wallx, < llwo.r — wo2ll + CT” g1 = g2ll 2o, rpxm (1 + U1 1)
+CTUs = Ualix (I lx + 1Uallx + (W + 1Ua11)?

+ U1 + lg2ll2qo.71m (1 + 1U2110) (3.9)
and

(w1 —wr1) = (w2 —wr)llx, < CT? g1 — g2l 2o U1 1 x

+CT? 11U = Uallx (10 l1x + 102 1x + (101 x + [1U2110)°

HIU21I% + llg2ll 2o, r1xm) (1 + I|U2||x)) (3.10)

where wy, 1 and wy, 2 are solutions of (3.3).
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Proof. We first show that
ITW1 — IWs|lx, < CTY ||g1 — g2l 2o, 71xT) (1 + 1U111x)
+CT%|U; - U2||X(||Ul||X +1U2lx + (1U1lIx + 1 Uallx)?

+IU2II% + llg2ll 2o, ryxm (1 + IIUzllx))- (3.1D)

Let w; and w, be two solutions of (2.19). We use the notation (2.20). From Lemma
2.2 we obtain
19W1 = IWallx, < Il + [l + M (3.12)

Since I is bilinear, we get the estimates by writing
I =Ty = =3, P [Wi(P-dgun)] + 0 Py [Wa(P_0,102)]
= — 0 PL[(W1 — Wa)(P-8xu1)] — 8 P+ [Wa (P9 (u1 — u2))].
Thus
T = Tallx, < CTlwy — wallx, luillx, + llwallx, lur — uzllx,
< c1?|Uy = Uallx (101 1x + 1 Uallx).
We write I = I[; + yz as in (3.6). Since 1I; is linear, we obtain

Mz —Teolly, < CTOMLy =Tz 2l 2q0,rixm) < CTCllgr = g2ll20,71x)-

For Iy, we write

Iypa—lyeo = —%P+ [[s1 (72" - 1)] ~ [ (e = 1)]]
= —%P+ [[(81 —82) ( SR 1)]
oot

My —Tnellyy, < CTO et — Tne 2020, 79x)
< CTG(IIgl = &2ll2qo. 1<) 141l Lo o.77.22)
+ g2l 2o, 1<) U1 — ”2||L°©([0,T],L2))
< 1’ (g1 - g2l2qo i U1 1 x

+ lg2ll22g0 71 IU1 = U2l )-

For I, we write

I, —m, = Py [(—%P() (u%) + Gl) ule—%Fl]
)

(
[([ G +Gz) uze—éFzD

1 i
=Py ( 5 Po((u1 — u2)(uy +u2)) + Gy — Gz)uleﬁﬂ]

+ Py [( % (u2)+G2) ((m —up)e” F1 uy (e*%F1 —e’%Fz))] .
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Using the same estimates (the only difference is that we use (2.6) for the Lipschitz
estimate of the term e~ 27 ), we then have

(0, — III2||X’2 S CTG I, — HI2||L2([0,T]><T)

1
<cr’ =5 Po(r —w) (w1 +12) + G1 = Ga

P il oo o, 77,22

1
+cr’ —5 P (u3) + G

(Ilul —u2ll g j0,71,22)
L2([0,T],L%)
+ lluzll oo, 7y,2) €72 — e

Lo([0,T]xT) )

< CTNur — w2l aqo,71xmy (il 2o, rixmy + 2l Laqo,71xem) Tt ll oo o, 71,22
+CT% g1 — g2ll2qo. . ey luill oo o, 71,2
+cr? (||u2||ioc([07T]!Lz) + ||82||L2([0,T],L2))
(1 + ||u2||LoO([0,T],L2))||u1 —uzllpeoqo,71,2)

= CT9<||U1 ~ Ualx (11 lx + 1020x)* + g1 — g2||L2([0.T],L2)||U2||X)

+CT (10215 + g2l 20,1, (L + 10210 ) IU) = Uallx.

The estimates (3.9) and (3.10) follow by using Duhamel formulation, Lemmas
2.1, 2.2, (3.5) and standard estimates. 0O
3.2. The Estimates Coming from the Original Benjamin-Ono Equation
We consider again the IVP

[8tu+g{ax2”=%ax (u?) +g (3.13)

u(0) = up.
Lemma 3.4. Let u be a solution of (3.13). Then the following estimate holds:
g1 = € (luoll 2 + I, I + lglzgorien) - G14)
Moreover, if we denote by uy the solution of

orup, +J—C8)%ML =g
u(0) = uo,

we have
lu = urlly-10 < NG w)k- (3.15)

N

Proof. Using the definition of the space X . 11 we have the estimate

< ! 2
Il S Ml 2o,y 1y + | 50 (12) + oy
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Using energy estimates we get

1
2oz, = Clluollz2 + € Hiax () +e :
L'([0,T],H~)

Finally, we deduce that

1
11 £ Cluoll 2 + Hiax () +¢

L2([0,T1,H~')

<cC (Iluolle + Huz‘ + ||g||L2([0,T],L2))

L2([0,T],L?)
< € (ol + 1l 11,15, + 181 20702

< € (ol z2 + 16t W) + g2 p0.r1.22)) - (3.16)
O

Using the previous lemma, it is not difficult to deduce the Lipschitz estimates
in the X L1 norm. Indeed, we have:

Lemma 3.5. (Lipschitz estimates) The next estimates hold
ey — w2l S lluo —wuozll2 + 1lg1r — 821l 2o, 71x)

Hlur — w2l oo, 775y (1@, w llx + [z, wa2)lx)
3.17)

and
oy —upy = G2 —up 2l S M, wi) = (2, w2)lix
X (I, wo)llx + Il (w2, w2)[x). (3.18)

Proof. The arguments in Lemma 3.4 with the required modifications yield the
inequalities. O

3.3. Estimates Coming from the Gauge Transform
Since w = —%PJr(ue’%F) we have that ue’%F =2iw+ Péo(ue’%F). Hence
u = 2iwe%F + e%FPSO (ue_%F) . (3.19)

However, the second term is bad; it roughly says (at the first order in ) that for the
negative frequencies, u = u, and so it does not allow for inversion. For positive
frequencies however,

Piu=2iPy [we%F] + Py [P+ (e%F) Pgo(ueféF)]

=2iPrw +2i Py [w (37 = 1) |+ Py [Py (e27) P2y (ue™27)]
—2iw+A+B, (3.20)
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where we have used P+[P§0(e%F ) P<g(ue™F )] = 0. In this case, the third term
is quadratic in u. Indeed, B

B=r, [P+ (g%F) P<, (ue‘%F)] =P [P+ (EéF - 1) P<o (”e_%F)]
+ P Py (we27) |

= P[Py (27 =1) Peg (ue2") .

(3.21)
Lemma 3.6. It holds that
| Prull oo, 71,22y + 1 P+utll Lago, i<y = llwllx, + 11, w)ll% (3.22)
and
1Py = 2iwll o, r),22) + 1 Pru = 20wl oo rpery S N w)lk. (3:23)

Proof. We use the decomposition (3.20) to estimate Py. From Lemma 3.1 it follows
that

||2iw||L°°([0,T],L2) + ”2iw||L4([(),T]><']I‘) = ||w||Z%0 + ||U)||X0T-l/2 < lwllx,. (3.24)

Since P, is a pseudo-differential operator of order 0, it maps L* into itself.
Hence

| All Looro.71.22) 1Al L4 0, 1<)

< (Iwllpoeqo.79.22) + lwll 4 go.71xm)) - H Lo 0. TIxT)

< (1wl g0 + Il yoe) lall ooy 2y = Nl w)le
(3.25)

and

Bl Lo qo.77.22) I Bl Lao. 1) S 1P+ (ezF_l) ||L°°([O,T]xT)(||”||L°°([O,T],L2)

+ ||“||L4([0,T]x11‘))

2
S s wll.
Combining these estimates we obtain the desired inequalities. O

Next we obtain Lipschitz estimates for the terms involving the operator Py.
More precisely,
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Lemma 3.7. (Lipschitz Estimates) It holds that
||P+l/l1 — 2iLU] — (P+L£2 — 2iw2)||L°°([0,T],L2) + ||P+u1 — le]
= (Pyuy = 2iw2) |l 40, 71xT)

< N, w0 = ez, wo)llx (1 Ger, wnllx+ 11 ez, wo) lx+ ez, wa) I )

(3.26)
and
| Pyuy — P+u2||L00([0,T],L2) + [[Pyup — P+142||L4([0,T]x11‘)
< llwir —wallx, + 1@, wi) — (u2, wz)llx(ll(ul, w)llx
(w2, w2l x + [I(u2, wz)llgg)- (3.27)

Proof. Recall the decomposition (3.20). To establish the corresponding Lipschitz
estimates we write

Al — Ay =2iP, [w1 (e%Fl . 1)] _2iP, [wz (e%Fz - 1)]

=2iPy [(wl — w2) (E%F‘ - 1) + w (e%Fl - e?FZ)] :
Hence
A1 = Azllzoo,7y,22) + 141 = Azllaqo, 7yxT)
S (lwi — wallpoeqo,71,22) + lwi — w2”L4([0,T]><T))||e%F1 — Hlzeoqo,71xT)

iF iF
+ (lwall oo o, 71,22) + lwall 240, 71xm)) le2 T = €22 oo o, 71T

<(llwy — w2l z00 + lwr — w2||X(;1/2)||”1||L°O([0,T],L2)
+ (||w2||zg_.0 + ||w2||X0T-1/2)||u1 — uzllpoo(0,77,12)

SNUL = Lallx (101l x + 1U211x).-

On the other hand, we write

By — By = Py| Py (37 = 1) Polure™> ) = Po(e3™ = 1) Py(ue™2 )|

i

= P+[P+ (e2F‘ — e%Fz) Péo(ule_%Fl)
+Py (37 = 1) Peg((r = u)e 5P up (737 = e722) )]
Thus
1B — B2l (0,71,22) + 1B1 — B2l 140, 71xT)
=C (||U1||X +1U2llx + (U1 llx + ||U2||X)2)||U1 — Uz|x.

These estimates lead to inequalities (3.26) and (3.27). O
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4. Small Data Estimates

The control results as well as the proof of Theorem 1.3 depend on the size data.
In this section we aim to establish all the estimates related to small data needed in
our arguments. We will also give the proof of Theorem 1.3 corresponding to small
data.

Since we are just considering real valued functions we have P_u = P, u, thus

Nl oo o, 77,22) + Nl 4o, 75Ty = 1 P+utll Lo, 71,22) + 1 P+ull 240, 71xT) -
Gathering the information from Lemmas 3.2, 3.6 and 3.4 yields
lwiix, < llwoll 2 +C (I8l 2o, 71,22+ 181172 g0, 79,12+ 1@ wIIZ + 11, w)%)
||M||L00([0,T],L2) + ||u||L4([o,T]x11‘) = lwlix, + Il (u, w)||§(
||M||X;1-l < luollz2 + e, w) 1% + gllz20,71,22)+

and finally

1, w)llxe S uollz2+1gl 2 g0, 71.2) 18172 g0, 7, 22y +11 @ WG+ e, )%

If [Igll 22 (0,7, 2.2) is small enough, it follows that

G, w)llx < Nuollz2 + gl z2qo.ry. 2y + 1, w % + e, w) k-

Then, since all these quantities are continuous in 7" and have value at# = 0 bounded
by Cllugl|;2, see Lemma 2.7, we can apply a bootstrap argument to get for ||ug||
and ”g”Lz([O,T],LZ)v small enough, that

G, w)llx < Nuoll2 + 18llL20. 7, 12)- 4.1)

4.1. First Order Estimates

Using the Lipschitz bound in the previous section we will establish some esti-
mates useful to prove the control results.
The estimates (3.23) and (3.10) yield
. 2 2 2
| Pyu — 21w||L00([0,T],L2) = (u, w) 'y S ||140||L2 + ||8||Lz([O’T]’Lz)
lw—wrllx, = lw—wtlxo12 + [lw—wrllzo0

< gl z2qo,ry,22) 1@t w) 1x + 11, w1
Finally, we have by triangular inequality (noting that Z%0 ¢ L°°([0, T, L?))

. 2 2
||P+Lt —2i wL||L°°([0,T],L2) g ”uO”LZ + |Ig||L2([0,T],L2)

where '
owy — iawa =5Pig,
wr (0) = wo.



1552 CAMILLE LAURENT, FELIPE LINARES & LIONEL ROSIER

In particular, since u is real valued, P_u = Piu, so
-~ 2 2
||P_M - 21 wL”LOO([O,T],Lz) é ”uO”LZ + ”g”LZ([O,T],LZ)'

However, we notice that u = Pru + P_u and uy = 2iwy + 2iwy. In particular,
it follows that

2 2
”M - “L”LC’O([O,T],LZ) /S ”uO”LZ + ||g”L2([0,T],L2)' (42)

4.2. Proof of Theorem 1.3 (small data case)

In this section we will prove the Lipschitz estimates needed to complete the
proof of Theorem 1.3 for small data. More precisely, we have:

Lemma 4.1. It holds that
Gy, wi) — (2, w2)llx S lluo,r — uo2ll + g1 — g2l L2j0.71%T) (4.3)

and

lur—up 1 —@a—ur )l o102 S € (lwo — uonll + llgr — g2||L2([O,T]x('£)26

Proof. If [luo |, [1gill2¢0.77,L2)> { = 1.2, are small enough, we still have
i, wi)llx < llwoill + 118ill 20, 77,22)-

Assume that |luo,; || + i ll 20, 77,22 < ¢, with & small. Then (3.9) becomes
lwi —wallx, < lluo,r —uozll+ 181 — 82l 220, 71xm) T €N, wi) — (U2, w2)l x-
Inequality (3.17) becomes
flui —M2IIX;1.1 S lluon —uopll+1lgr — g2l 2o, 71xm) + &Ml @i, wi) — (w2, w) |l x
and inequality (3.27) becomes

| Prut — Piuzllpooqo.1y.02) + | P+t — Pyuall 4o, 71%T)

S llwr —wallx, +€llur, wi) — (2, wa)llx.

Thus gathering all these estimates of the X—norm components (again using that
u isreal valued and that the estimates about P, u are sufficient for the L*° ([0, T, LZ)
and L*([0, T] x T) norms), we get
|1, wi) = (u2, w2)llx < lluo, 1 — uo 2l
+lg1 — g2ll 2o, 7<) + €l U1, wi) — (u2, w2)llx,

which gives, by absorption, for ¢ small enough, the inequality (4.3).
For the estimates of the second order terms, we have from (3.10) and (4.3)

lwi —wr,1 — (w2 —wr2)lx, S e (luon —uozll + g1 — g2llz2¢0.71xT))
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and from (3.26) that

||P+l/t] — 21w1 - (P+M2 —_ 2iw2)|le([0’T]’L2)

< e (lluo, —uo2ll + g1 — g2l 2. 79xT)) -

The triangular inequality yields

| Pyuy — 2iwg 1 — (Pruz — 2iwg 2)ll poo0.77.L2)
S e (luon —uoall + llgr — 21220, 79xT)) -

Once again, we notice that since u;, g; are real valued, this implies (4.4). This
finishes the proof of the lemma. O

Proof (Proof of Theorem 1.3 (small data case)). The main ingredient is the Lip-
schitz inequality (4.3). Once this is established, the proof of the theorem follows
from standard arguments. For a detailed and careful proof of it, see [37]. O

5. Large Data Estimates

In this section we will complete the proof of Theorem 1.3 and establish some
estimates for large data useful for further analysis.

5.1. Low-Frequency Estimate

In this subsection, we establish some estimates of the low frequency component
of the solution for eventually large data. These estimates are necessary because the
gauge transform is not invertible at low frequency for large data.

Let N € N* be fixed. We will prove some estimates that might depend on N.

Lemma 5.1. For u solution of the IVP (3.13), we have the following uniform esti-
mate for 0 S T < 1

||PNu||L°°([0,T],L2) + ||PNM||L4([0,T]><T)

5.1
< C(Mluollz2 + CN gl 2o, r1xmy + CODT 2l a0 71my:

and for two different solutions

| Pnv(ur — u2)ll oo, 77,22y + 1PN 1 — u2) 240, 71xT)
S C(N)lluo,1 —uo2ll2 + C(N)llgr — 82||L2([0,T]x’]1‘)
+C(NTV* (Jluy 4 qo.71xm) + 2l 4o, 71%)) Nt — w2l Lo, 71xT) -
(5.2)

Proof. We first link the L* estimate to the L L2 one by using Sobolev estimates,
that is,



1554 CAMILLE LAURENT, FELIPE LINARES & LIONEL ROSIER

IPyullpaqo.r1xmy < CTVHIPyullpoogo. 71,04 < CllPyull oo (o, 77.11)
< CN) 1Py ull oo jo,7),L2)-

To estimate the L>°L2 norm we use the solution uy of the equation satisfied
by uy = Pyu, thatis

dun + Holuy = L Pyiy (u?) + Pyg,
uN(O) = PNU().

From semi-group estimates we obtain

I Pvull o qo.71.22) < Clluollz2 + ClIIPNx () 1 qo.71.2) + CIPNEI L1 qo.71.2)
< Clluoll2+C(NT 2| Py (u?) Il 20,7122y +C g L1 qo0.71.L2)
< Clluoll2 + Cligl2qo.r1.2) + CODT 2 ulfa o 7pm)-

The same argument leads to (5.2). O

5.1.1. Global large data estimates We change a little the decomposition (3.19).
The point is, roughly speaking, to make the gauge transform “invertible” at high
frequency (the frequency will depend on the size of the data). For large F' the second
term of the gauge transform (3.19) is bad, and the gauge transform cannot be inverted
for large F, but in some sense, it can be inverted at large positive frequencies. Note
that another way of obtaining global estimates for large data used by MOLINET [34]
was to use the scaling argument to get to some small data (because the equation is
subcritical). However this approach requires us to have some estimates uniform on
the lengths of the interval. Many of the estimates we used are indeed uniform, but
this is not the case for the Sobolev embedding H! < L. We recall that we use
the Sobolev spaces H, for a (27 A)—periodic function defined by

s 1/2
||f||H;=( [ () Ifef (dé)x) CEerlz, (53
R/QaV)Z

where (d&), stands for renormalized counting measure on A~!Z for large periods
A (see [34], p. 636). One solution found by MOLINET in [34] was to apply this
estimate to P; and the estimate indeed becomes uniform. Our approach is much in
the same spirit however we believe that it gives another point of view and may be
more reliable in the case of a damped equation or source term.

Let N € N* be large, to be chosen later. Applying the operator P>, to both
sides to (3.19) we obtain h

P>yu=2iP>y [we%F] + P>y [PZN (e%F) P<, (ue_%F)]
= AN + By.

We apply the same estimates as before to get (the action of operator P>, on L4

can be easily seen to be uniform on N by noticing that P>y = e!N¥ P e7IN¥)



Control and Stabilization of the Benjamin-Ono Equation in LX(T) 1555

IAN Lo 0. 77.22) + 1AN L2 0.71x) S € (Iwll oo go.71.22) + 1wl 240, 71xT))
=C (llwllzgo + ||w||X(;1/2) = Cllwllx,-
For By, we also use Lemma A.3 in the Appendix:
BNl Lo, 71,22) + I BNl 40, 71xT)
< P2y (€27) lqo.r1em (lellzqo.rr.eo) + elsgoriem)
C
< —llw, w%-
The above estimates yield:

Lemma 5.2. For N € N* large, it holds that

= + | P2y <l + =l w) 13
ZN ZN = 2 \/ﬁ s X

L°°([0,T1,L?) L4([0,T]1xT)

(5.4)

5.1.2. Large data Lipschitz estimates The previous decomposition is still not
sufficient. This time, it is because of the first term of the gauge transform. The
difficulty now comes from the the low frequency of F which, a priori, do not allow

us to make PEN[wz(e%Fl - e%FZ)] small.
We change a little bit the decomposition inspired by MOLINET [34] p. 663. Let
N € N* be large, to be chosen later:

E_%F = PZNW + PSN (e_%F) .

Then decomposing F' = Oy F + Py F, we get

i

o LONF _ JiPNF (PgNW + Pey (e—%F)) _
Taking a derivative in x yields
(Qumye 20T = —(Pyes T (P W+ Poy (e72))
tesPNF (2iP§Nw + Py (ue—%F))
or
+ 8™ (2iPyyw + Py (ue™37))

+ (O (1-e770F).
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We now apply P>3y to the last identity to obtain

Posyut = =Py [(PNu)e%PNFPgNW] — Poay [(PNu)e%”NFPgN (e*fF)]
+2i Pagy [P Poyw] + Pagy [e2F Py (ue™27)]
+ Py [y (1 720V F)]
=AN+ By +Cny+ Dy + Ey.
We write
AN — Ay = =Py [(Py () — up))et Vi P>y Wi

+ (Pyiy) (37071 — AP Py
+ (PNuz)e%PNFzP;N(Wl - W)

Then using the Sobolev estimate (A.3) of the Appendix on the terms with W, we
get

AN 1 — AN 2o, 71,22y + AN — AN 2l 240, 71T

101 = Uallx [ 101 x+ 101U x+ 101 1020+ 101 |
(5.5)

f

To obtain estimates on By, we first notice that due to the frequency localization,
we have

By = —P>3y [(PNM)P>N (ez ) P<y (e—%F) ] .
Thus we can write
By — By = Poyy[(Pu(u — ) Pay (e270F7) Py (e7217)
+ (Pyu2) Py (e%PNF. _egpm) Pey (eng.)
+ (Pnu2) P>y (e%PNFZ) P<y (e—%Fl - e—%FZ) ]
Using the estimates of Lemma A.3 for the term with P>, we obtain
I1By.1 = BN 2llzeeqo, 71,02 + BN, = BN 2ll Lo, 71xm)

10 =Uslx (10 + 10+ 10 R+ U2+ U2+ 101 |
(5.6)

\/_

Cy is the crucial term that contains the information on w and we have to estimate
it with respect to the norm of Pyu.

; LPNF PyF LPyF
Cn,1—Cn2 =21P23N [(62 N 1—e2 N 2) PzNwl —e2'N szN(wl —wz)].
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Thus

ICn1— CN,2||L°°([0,T],L2) +ICn,1 — CN,2||L4([0,T]><’]I‘) 5.7)
= ClIPy (un — u2) |l oo o, 71, .2 1 U1 1 x + Cllwy — w2l x,- .

Dy can be treated similarly to By. By frequency localization, we also obtain
Dy = Py [ Poay (277) Py (ne™27) |
and then
IDn.1 — Dn2llpeoqo,71.02) + IPn.1 — D 21l 40, 71xT)
< U = Uallx [V xR+ N0+ U2 1020+ 02 ]
VN
(5.8)
For Ey, we use the third estimate of Lemma A.3.
Eni— En2 = P>y [(QN(Ml — u2)) (1 - e_%QNFI)]
P23y [(Quna) (675N — m5ONA) ],
Hence,
lEn1— EN,2||L0<>([(),T],L2) +1En1— EN,2||L4([0,T]><T)

C
< —— U1 = allx [ 101 x + 10 + 10Dk + 1020 ] 59)
\/N X X X

Gathering the estimates (5.5)—(5.9) results in:

Lemma 5.3.

[P>3ny (1 — u2)llpooo,71,22) + 1 P23y (w1 — u2)ll L4 0, 71%)
= ClIPN (un = u2) 20,11, 101 llx + Cllwr = w2lx,
C
+ = N0 =Uallx (1L + WU AHNO AN+ 02+ 101 ]

Vi
(5.10)

5.2. Large Data Global Estimates

From Lemmas 3.2, 5.1, 5.2, and 3.16 we have
lwlhx, < lwollz> + €T (Iglzaqo.ryoo) + 1812 0,112
e ) + Nl w)I)
1Pyl 1 Psyul < il + 1, w2
S vl oo 2 Svi|l74 < wllx — || (u, w)||5,
ZN L°°([0,T],L?) ZN L4([0,T]1xT) 2 \/N X

”M”X;LI g C‘HMOHL2 + ”””i“([O,T],L“) + ”g”]‘Z([O’T]’LZ),
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and
| Pnutll oo o, 7y, 22) + 1PN Ul L4 0, 71xT)
< CM)lluoll 2 + CN gl 2o, r1my + CODT 2l o 7y
. 2
Since the term ||u ||L4([07T]7L4)
we need to combine the second and third estimates to obtain

in the third inequality has no factor of T or N~1/2

lullx, < C(N) [lluoll2 + ||g||L2([o,T],L2)] + llwlx,

c
=l W% + CT2ulla 0. 712m)

v
+ (cam[luoll 2 + gl 2go.ry.2) | + Iwllx,

C 2
+ =l w)l% + C<N>T1/2||u||i4([0,T]XT)) :

T

Notice that ||wo| ;2 < |luollz2, and since we assume that0 £ 7 < 1, N € N*,
we have

G wlix < €V (ol 2 + gl 2o + 1812 0.1 1|

C
+ (c79 v c<N>T‘/2) (e w1 + w1

+ (€N [llnoll2 + gl 20,12 + 1820 71,12

C 2
+ (cﬁ b C<N)T1/2) (e w) I + e w) )

< C(N) [nuouLz + luoll72 + gl 2o,y + ||g||i2([0,T,,L2)]

C
+ (cr@ iV C(N)T“Z) (e w)lx + N w)G)
(5.11)

With this estimate at hand we proceed to establish a uniform Lipschitz bound
for large data.

We can now use a bootstrap argument (see for instance Lemma 2.2 of [5]) using
Lemma 2.7 for the continuity and limit in zero. Let R > 0 such that ||ugll;2 +
lgll 20,772y = R. We first pick N large enough and then 7' small enough (only
depending on R and universal constants) to get by a boot strap

G, w)llx £ CR) [lluollzz + 118l 2¢0.77.22)] -

This gives the expected result for times 7 small enough (the smallness only depend-
ingon R, thatis T < C(R)). To globalize the result, we use the energy estimate (for
t positive or negative), obtained by multiplying the equation by u and integration
by parts, and which is valid for smooth solutions

t
a7 = [u©)|7, — 2/0 gu ds.
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By Cauchy-Schwarz inequality,

1 t
lu @Iz = N7 + 181720122y T 5 /0 lu(s)II7 > ds.

We conclude by Gronwall’s lemma that the L?—norm is bounded on every compact
interval.

5.3. Proof of Theorem 1.3 (large data)

In this section we complete the proof of Theorem 1.3 by showing the Lipschitz
estimates needed when large data is considered.

Lemma 5.4. Let ug € L*(T) and g € L*([0, T, L>(T)) such that ||uol|;2> +
lgllr2qo,77..2) = R Let N € 7" be sufficiently large depending on R. Then there
exists T > 0 small depending on N such that

U1 = Uallx £ C(N, R)(lluo,1 —uoall2 + g1 — &2l 2qo.r1xmy)  (512)
holds.

Proof. Since we assume [luollz2 + 18l 220, 77.22) < R. From the previous section
we have

[Ulx = C(R).
Thus the estimates (3.9) and (5.2) yield

lwi—w2llx, < lwo,1—wo2ll24+C(R) 181 —gzlle([ )+C(R)T0 IU1—Uzlx

(5.13)

0,71xT
and

| Pn(ui — u2)ll pooro,71,22) + 1PN (1 — u2) 4o, 715
< C(N)lluo,1 —uo2ll 2 +C(N)lig1 —g2ll 12 0.71xm) FC(N, YTV |U = Us I x.

(5.14)
The estimate (5.10) can be rewritten as
Pay(ur o) | oyt =)
” 2 (1 = u2) L=((0,T1,L2) | Pzy = u2) L4([0,T]1xT)
< C(R)| Py (1 —uo)| o+ Cllwt — wallx, + X Uy — s
= L%([0,T1,L2) 2t X
(5.15)

and from Lemma 3.5 it follows that

||M1—M2||X;111 < lluo. 102l 2 +181—821 L2 0. 77Ty +C (R 1 =12 || L4 0. 71%T) -
(5.16)
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Therefore, combining the estimates (5.13)—(5.16) leads to

U1 — Uallx £ C(N, R)(lluo,1 — uo2llz2 + llg1 — g2l 22¢0.71xT))

+(CN, RT'? + \/(_) + C(RT) Uy — Usllx.

So, by choosing N large enough only depending on R and then T small enough
(only depending on N), we get

U1 — Uallx £ C(N.R) (luo,1 —uo2llz2 + g1 — &2ll2qo.ryxmy) - (5:17)

0

End of the proof of Theorem 1.3. The estimate (5.17) allows us to establish
the existence and uniqueness of the solution of the problem (1.14). The continuity

of the flow follows by Bona-Smith argument. This completes the proof of Theorem
1.3.

6. Control Results

In this section we will prove Theorem 1.1. First we will consider the damped
equation and apply the theory established in the previous section to this case.

6.1. Damped Equation

We consider the equation

2 3 *
ou + Hogu = ( ) GG*u ©.1)
u(T)=0.
Setting g = —GG*u in (2.15) we can see the damping term as a source term.

Thus, we have
Igl2qo.r1.2 S CT 2 llull oo .2y < CTV 2, w)llx.

Hence, the estimate (5.11) becomes

Gt w)llx = CV) [ ol + ol |

C
+(cr?+ =+ C(N)Tl/z) (G wilx + 1, w1 ) -
( VN X
We can conclude similarly by a bootstrap for small times (only depending on
the size). This gives the expected result for small times. For large times, we use the
energy estimate (for ¢ positive or negative)

t
@12, = Ju ()2, - 2/0 15u(s) 12, ds.

For positive times, the energy is decreasing, for negative times, we conclude by
Gronwall’s lemma.
We conclude similarly for the Lipschitz estimates.
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Now we proceed to prove Theorem 1.1. We want to control the following
problem

oru + J-Cafu = udyu — GG*h,
w(T)=0

where §G is defined as in (1.4).
We seek control of the form of a solution of (k¢ is real valued with zero mean)

dh +3Hd2h =0
h(0) = ho.

We denote by B the nonlinear operator defined by Bho = u(0). Let uy, be the
solution of

dup + Hd2up = —GG*h
ur(T) = 0.

The linear operator from L2(T) to itself defined by Lhy = ur(0) is the HUM
operator (see [32]), which is a bijection of L?(T) by the observability inequality of
LINARES-ORTEGA [29]. We note that Whoy = u(0) = uy (0) + Kho = Lho + Khy,
and that (4.2) can be written as

IKholl 2 < Cliholl72

for ||hol| .2 small enough. Let ug € L2(T). So, the objective Whog = Lho+ Khy =
uo is equivalent to sy = —LYKho+ L ug, thatis ho is a fixed point of B defined
by Bho = —L " 'Kho + L™ ug.

However, we have

IBholl 2  ClIKhollz2 + Cliuoll 2 < Clholl72 + Clluol 2

Thus, if we denote By the unit ball of L? of radius R = 2C|lupllz2, B sends Bpg
into itself if CR < 1/2, that is, if ||ug||;2 is chosen small enough.

Moreover, estimate (4.4) shows that for two solutions of the nonhomogeneous
problem u1, up coming from the controls g; = —GG*h; (recall that we have assumed
lgill L2 (0. 77xT) < &, which is equivalent to || ;|| ;2 < €), we have the estimates

|Kho1 — Khoallpz = lluy —upy — (w2 —ur 2)ll o 71.02)
S ellgr — g2l 2o, 7=

Since Bhg,1 — Bho2 = Kho,1 — K ho 2, this means that for ¢ small enough (that
is R = 2C||ugll ;2 small enough), B is contracting and reproduces Bg. Therefore,
it has a fixed point which is the expected control.

This ends the proof of Theorem 1.1 part (i) for small data.
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7. Study of the Convergence of Some Bounded Sequences of Solutions of the
Damped Equations

The aim of this section is to show the convergence of some bounded sequences
{u,} of solutions to the damped equation such that Su, converges to zero. The
results here will be used to perform a contradiction argument which allows us to
establish the stabilization theory claimed in Theorem 1.2. As we commented before
we have to distinguish two cases: large and small data.

7.1. Large Data

We consider a sequence of solutions {u,} of the damped equation

Oty + }Cagun = unaxun(_sg*un)

un, (0) = uo,n-

We first suppose that (u,, w;) is bounded in X. We then show that #,, — 0 in
L%([0, T, L?) and weakly-* in L>([0, T], L?) (see Lemma 7.1 below). Finally
we will prove strong convergence in L? (see Theorem 7.2 below). One of the main
ingredients to obtain the latter result is the propagation compactness theory in [26].
We assume [©p] = 0 to make the proofs more clear but at the end of each proof
we will explain in a remark the required modifications for the general case. These
modifications are in the same spirit as the ones noticed in Remark 1.2 for z and § -

Lemma 7.1. Suppose u, o is a bounded sequence in L? with [upn] = 0 with
associated solutions u,

pttn + HFun = undyttn (—5G )

u, (0) = Uo,n-

Assume moreover that Su, — 0in L>([0, T1x T). Then, u, — 0in L*([0, T], L?)
and weakly-* in L*([0, T, L?).

Remark 7.1. We could certainly get rid of the term §S5*u,, (converging to O in
L2([0, T] x L?)) and work with solutions of the free equation, yet we have chosen
to keep it since it does not greatly change the analysis and it seems easier than
proving a general perturbation theorem.

Proof. We assume u,, — uin L([0, T'], L?) up to subsequence. The only problem
in using directly Proposition 2.8 of [31] is that, because of the nonlinear term, it is
not clear that u is a solution of the Benjamin-Ono equation (see MOLINET [35,36]
for some cases where the limit equation is a modified equation).

Denote the sequence ¢, () = f’[[‘ a(y)un(x, t)dy, bounded in L2([0, T']) and
weakly convergent to ¢(r). Denote r, = u, — c,. We have a(x)[r,] — 0, in
L%([0, T]1x T). In particular, r, — 0in L?([0, T] x w) and r> — 0in L' ([0, T] x
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). Therefore, rn2 — 0 in the distributional sense of D’(]0, T[xw) and hence it is
the same for er,%. However, we have

der? = 0yu> — 20, (Cptty) + 0,¢2 = deu? — 20, (cotty)

= deul — 205 (curn),

So, we have r, — 0 in L2([0, T] x w) so cyry, — 0in Ll([O, T] x w) and so in
the distributional sense in D’(]0, T[xw), and the same for 9y (c,,7,).

Thus, we conclude that 0, uﬁ — 0 1in the distributional sense of D’(]0, T[xw).
In particular, the weak limit u is a solution in the sense of distribution D’ (10, T [ x )
of

uy + Huyy = ¢(t) + Huy = 0.

Therefore, we have Hu,,, = 0 in the distributional sense of D’(]0, T[x w).
Moreover, since r;,, converges to zero in the distributional sense of D’(]0, T[xw),
it is the same for 1y, xxx = U, xxx and we have u,,, = 0 in the distributional sense
of D'(10, T[xw).
We conclude that # = 0 as in LINARES-ROSIER [31] Proposition 2.8. O

Remark 7.2. In the case of [ug,,] = u # 0, we can, for instance, setu,, = u, — u
and obtain, similarly, u, — p, using that u, is a solution of d,u, + 9{8)%2” =
pwoxu, + u,oxu, — G5 u,.

Lemma 7.2. u, — 0in L*([0, T1, L?) implies w, — 0 in L*([0, T], L?) with
w, = P4 (une_liF") (for solutions). The same holds for une—liF".

Proof. F, weakly-* converges to 0 in L*°([0, T, Hl) and d; F;, is bounded in
L>([0, T1, H~') and hence by Aubin-Lions lemma, F), converges strongly to 0
in L*°([0, T'], L*°). By the mean value theorem, et converges strongly to 1 in
L®([0, T1, L*®). Actually, 3 F,, = —Hd2F,+% (3 F,)? — 1 Po(F2 ) +37 'G5 uy,
is bounded in L>([0, T], H~") since 82 F,, = d,u,, and (9, F,,)> = u? is bounded
in L®([0, 71, L") c L>([0,T], HY).

Let ¢ € L2([0, T, L?). We write

// Wp@ = // une 2 Pyg
[0,T]xT [0,T1xT
:// Upn (e*%Fn —1) P+¢+// un Py @.
[0,71xT [0,71xT

The first term converges to 0 by strong convergence of e~ 5P _1in L ([0, T, L®®).
The second converges to 0 by weak convergence. The same proof without P, gives
the result for une_lfF". O
Lemma 7.3. ¢,(t) = f a(Y)un (v, t)dy is bounded in H'([0, T1) and converges
strongly to 0 in L>([0, T1).
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Proof. We compute

1
cn(t) /]Ta(y) [}Caiun(tv y) + an(un(tv )7)2) + 99*14}1] dy

1
= / HoZa(y)un(t, y)dy — 3 / dya(y)(un(t, y)H)dy
T i T

+/Ta(y)99*undy
@] < Cllun @l z20m) + Cllun 1727,

So ||Cn (t) ||L2(]0,T[) é C ||un ”Lz([O,T],Lz) + C ||Mn ”ioc([O,T],Lz) § C. Lemma 7.3
follows by Sobolev embedding and weak convergence to 0 of u,,. O

Remark 7.3. For Lemmas 7.2 and 7.3 the same argument applies with G replaced
by G, since we only use the boundedness as an operator of L>°([0, T'], L2).

Lemma 7.4. Su, — 0in L?([0, T x T) implies that a(x)w, — 0in L*([0, T] x
).

Proof. Lemma 7.3 implies that we have in fact a(x)u, — 0 in Lz([O, T] x T).
Hence a(x)e” 2F7u,, — 0in L2([0, T] x T). Similarly, Py (a(x)e” 2" u,) — 0in
L2([0, T] x T).

We write

a(x)wy = a(x) Py (une_%F”) =Py (a(x)une_%F”) +[a(x), Py] (une—%Fn) .

Thus, it remains to prove that the second term in the right hand side is strongly
convergent in L2([0, T] x T).
From Lemma 2.5 of Linares-Rosier [31], we get

i
s
< Nlune™ 2" 120,77, 11

1a). P41 (wne™2 )|

L2([0,T1xT)

Using Lemma 7.2, we get that une_%F" —~ 0in L3([0,T] x T). To ap-
ply Aubin-Lions’ lemma, we just need to prove that 9, (u,,e_LF ") is bounded in
some space LP ([0, T], H™), s € R.. We also notice that‘une_%F” = 2i8xe_%F",
s0, we just have to prove that 8,e’%F" = —%(8, Fn)e’liF" is bounded in some
LP([0, T], H™*). However, we have shown in the proof of Lemma 7.2 that 9, F),

i

was bounded in L*°([0, T], 1_-1_1) and we notjce easily that e~ 2" is bounded in
L®([0, T1, H"), since d,e™2f = —Lu,e™2% is bounded in L®([0, T, L?).

Thus 3¢~ 2% is bounded in L([0, T], H~1). O

Remark 7.4. Lemma 7.4 has to be modified when §G is replaced by G,. Indeed, in
that case, the damping zone is moving at speed 1, but, we can use the infinite speed
of propagation to get a similar result as follows.
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If §,u, — Oin L2([0, T x T), we infer as before that a(x — tu)it, — 0 in
L2([0, T] x T). If, for instance, [—c, ¢] C w with ¢ > 0, we easily conclude that
there exists an ¢ (a priori depending on w) such thatu,, — 0in Lz([O, el x[—e,e]).

This result will be enough for what follows since the time 7 > 0 and the open
set w are arbitrary (@ non empty).

Now, we borrow a propagation theorem from [26].
Theorem 7.1. Let wy, be a sequence of solutions of
i0;w;, + Bfwn = fu
such that for one 0 < b < 1, we have

Jwalyos < €. ] yoens > 0 and [ fulyorencs — 0.

Moreover, we assume that there is a non empty open set w such that w, — 0 in
L*([0, T, L* ().

Then w, — Oin leoc

([0, 7). L*(T)).
We want to apply this lemma with b = 1/2 and

i _i
Jfo = —0x Py [Wn(Pfaxun)] - §P+ [gne 2F”]

Lp Lpy + G ~1Fn
4 —+ ) olu, n | Un€

with g, = §5*u,, G, = B;Ign. That is, we need to prove

ol oy S €. Jonl oy =0 and LA gy 0

We decompose f, = f& + f? with £¢ = —0, P[W,(P-0yu,)]. We know that

o |lwyllxo12 < C,
o | fallyo-12 = C.

Lemma 7.5. For any 6 € [0, 1], we have the bound

I fal 2,150 § C.
Xr 2

Proof. If we prove ||f,,||X;z,o = lfallL2qo.11.5-2) < C, by interpolation, this
gives

Il fal 2,150 § C.
Xr 2

So, tobound f,, we need to prove that W, (P_0d,u,) is bounded in L%([0,T], H Y.
We write

||Wn(P—axun)||L2([(),T],Hfl) < C||Wn||L2([0,T],H1)||3xun||LOC([0,T],H71)
§ C||wn||L2([0,T],L2)||Mn||L0<>([0,T],L2) § c

where we have used that H' is an algebra and so by duality, H' «x H~! < H~1,
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The bound for f,f’ is easier (and corresponds actually to the estimates of /7 and
I11 in Section 3.1)

b
||fn ||L2([O,T],H 2y = ||f ||L2([O T1,L?) f ||8n||L2 [0,7],L?)

1
+ —EPo(u,zl)—l-Gn

lunllz2(j0,71.22)
L>°([0,T]xT)

2
< llgnll2qo,m.02) + (||Mn 750 0.77.22) ||gn||L2([o,T],L2)) lunll 20,71, 22)-
O

With for instance 6 = %,

IIntI 2.4 =C.

10
T

N

4 1

So, since —3 < —% and — — 15, the embedding of X, 5 ™ — X, 2" 2 is
compact and we can extract a subsequence and pick a functlon f such that

lfn = fII 1y =0

T

We can get that f = 0 using the equation verified by w,,, f, and use the fact that
we already know that w,, — 0 in the distributional sense.

Ifull Z1 1 — 0.
X2

2

This constitutes the case b = % The same holds for w,,.
We can now state the following theorem.

Theorem 7.2. Under the same assumptions as in Lemma 7.1, we have u, — 0 in
([0, T1, L*(T))

loc
Proof. Using Theorem 7.1 and the previous analysis, we get w, — 0in Lz ([0, T1],
L%(T)). By definition of w,,, we have w, = —§P+ (upe™ 3 Fn), However, we have

proved in Lemma 7.2 that e5h converges strongly to 1 in L*°([0, T'], L*°), so
we can write

Pru, =2iw, — P+ [un (e b _ 1)]

This gives Pru, — 0in L? ([0, T1, LZ(']I‘)) and the same result for u,, since u,

is real valued. O

loc

7.2. Small Data

Lemma 7.6. For ug € L*(T), let u denote the solution of

oru + U—Cafu = udyu — G5*u,
u(0) = uy,
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and let uy, denote the solution of

[B,ML + 3{8§uL = —GG*u,, 7.1)

ur (0) = ugp.

Then, there exist some constants Ty > 0, ¢ > 0 and C > 0 such that for T < Ty
and |lugllz2 £ &, we have

2
llu — ML||L00([0,T],L2) =C ||M0||L2-
Proof. Let v denote the solution of

2., _ _ceCx*
[a,v+9faxv_ 5G*u 72
v(0) = uyg.

From (4.2) applied with g = —GG*u and |luol| ;2 small enough, we have
e = vligoqo,r1.02) S 1G5 Ul a0 71,2 + luol72
5 ”u”iz([O,T],LZ) + ”uO”iZ
S CUT + D fluol7, (7.3)

for some constant C; > 0 where we used the fact that ||u(#)||;2 < |lugll ;2 for any
t=>0.
On the other hand, by classical semigroup estimates we have that

lv — uL”LOO([()’T],[?) SIG9S* (u — ML)||L1([0,T],L2)

S llu—urllzio,r.2)

Combining (7.3) and (7.4) and the triangle inequality yield

lu = urllpoqo.r1.22) S Ci luollzs + Co T llu — urll oo, 71,2)-
Thus coT
_ <_ =17 2
u—upljoo < u
l Llizeqo,ry.L2) = -G T luoll; 2

whenever |ugll;2 <eand T < Ty = ﬁ m]

Proposition 7.1. Suppose u, o is a sequence of smooth functions strongly conver-
gent to 0 in L2, with associated solutions u, of the problem

Qi + Hd2uy = undyuy, — GG uy
Uy (O) = UQ,n»

and in addition assume that
1
||9”n||L2([0,T]xT) = ;HMO,nHLZ' (7.5)

Then, up , = 0 for n large enough.
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Proof. We denote u,_ ;. the solution of

8z‘un,L + g{a)%”n,L = _Sg*un,L
Mn,L(O) = UQ,n-

By the observability of the linear damped system, proved in [29] Theorem 1.2, we
know that for some 7 that can be chosen T < T, we have

T
luoall3> < C / |Gt L1I7 2 (7.6)
0
But, we have from triangular inequality, (7.5) and Lemma 7.6, that

||9u"~L”%,2([O,T]><'[[‘) g CHSM’/’”%‘Z([O,T]XT) + C”S(un,L - u”)”%?([O,T]x’]I‘)

[IA

C
—Nuwonll?> + Cllug,ull},-
n L L

Combining the previous estimate with (7.6) gives

1
2 2 2
luonll;> = C (; + IIMo,nIILz) ll0.n[I72-

Since |lug , || 2 converges to zero, this gives ug , = 0 for n large enough. O

8. Stabilization

In this section we will prove Theorem 1.2. We will use the argument in [31].
However to complete the arguments we have to make some modifications as we
did in the previous section.

Because of the identity

1 1
SO + 1SN L2 0 7pm) = 5 loll® 8.1)

we observe that ||u(¢) || is nonincreasing, so that the exponential decay is guaranteed
if

lu((n +DT)| < kllu(nT)| forsome « < 1.

To prove the theorem, it is sufficient to show the following observability in-
equality: for any 7 > 0 and any R >> 1 there exists a constant C (R, T') such that
for any ug € HJ(T) with [lug|| < R it holds

T
luol? < € /0 1Gu()| di (82)

where u denotes the solution of (1.12).
Suppose there exists a sequence ug , € H(()) (T) such that for each n we have
luo.nll < R (where R > 1) but
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T
luoull > n /O 1Gun ()] dr. 83)

Then from Theorem 7.2, we have for a subsequence (still denoted by u;,) that
upy — 0 in L% ([0, T], L*(T)).
Thus one can select some 7y € (0, T') such that, extracting again a subsequence,
un(to) = 0 in  L*(T).

Since | :
SN )2 + 1S 720, 1pmy = 5140117,

we conclude that
luonllz2 — 0.

The assumptions of Proposition 7.1 are fulfilled. We finally get u , = O for n large
enough, which is a contradiction to (8.3).

Appendix

In the following, we will establish a slight modification of the bilinear estimate
of MoLINET-PiLoD [37], Proposition 3.5, with a gain of a power of T. Such an
estimate will allow us to avoid the dilation argument for small time and large data
and it could also be interesting for other purposes. This type of gain was already
obtained by BOURGAIN in [7] for the KdV equation and it relies mainly on the fact
that the equation we consider is subcritical on L? with respect to the scaling.

For sake of completeness we will recall the notation used in [37].

Let

= /@ ufwﬁ(é, T) ‘gfl@("?l, )& U(E, 1) dv

and (A.1)
—Z/ l/ng(E DN E) & BEL T)E T, 1) dv,
where dv = dé déjdrdr, &L =6 - &, n=1—1,0 =17 —¢£&|§|and 0; =
—§i|§i|,i = 1,2211’1(1
@:{(E,él,r,n)eR:g > 1, & gland§2§0}.

We recall that the measures d€ and d&; refer to the counting measure (see (5.3)).
By using a dyadic decomposition in space-frequency for the functions in the
integrals (A.1), one can write

Z In NN, and  J = Z IN. NN,

N,Ni,Ny N.,Ni,N2
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where

e = | G PR D Pt mt P, ) dy

and

=3 / e € D (O & Py, T Proi(er, ) d.

Let us now consider

1
Avn, = 1€ & ) €D o] 2 gNNz]

1 1
BN,NQZ (5,51,1,‘[1)6@:|0’1|28NN2, |O-|§6NN2}

1 1 1
Cyn=1E &, T, ) €D o] < gNNz, lo] < ENNz, loa| = ENNZ

(A.2)
Define by
AN,N, Bn.N, CN,.N,
D Iy 8= 2 Iyl and Io= 37 Iy,
N,N{,N> N,N{,N> N,Ni,N>
AN Ny Bn,N, CN Ny
= 2 Ivne I5= 20 v and Je= D0 IRy
N,Ni,N» N,Ni,N» N,Ni,Ny

AN,N, BN, Ny Bn,N, ..
where [ N.Ny.Ny> 1 NNy N and / NNy denote the restrlctlon of Iy n,.n, to the

regions in (A.2). Similarly, chxvz:/?Nz, J gNNlllzN and J N, N N for JN Ny N,-
Now we are ready to establish the new estimates.
Lemma A.1. We have for 0 < T < 1 the estimate
[ Py [W(P-8:0)] | yo.12 = CTVE N1t w) -
Proof. Let i, u, w be some extension (same notation by abuse). We use the same

notation as in [37] and continue the computations started in [37]. We continue the
estimates of /4 starting from estimate (3.32) in [37]:

1/2-3/8
[al = Il 2wl o el 4 <cr'? Al 2 llwll goar2llul s

For Ip, we use (3.33) and (3.34) of [37] to get

N vi2 1/2
h
=D PNl(H—m) lwll ooz lull 4
Ny o L4
71\ \
<cr'Ps (()—m) X7 2l ol
o

1/2-3/8
< TP 2wl ol 1.
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o~ \
Ny 172
(U) L4

1/2-3/8
CT2= Bl 2wl ozl

and using (3.38)

2 1/2

IN

el = (D]

Ny

Wl 0.3/8 ||U|| y—1.1
il o375 llell -

A

Lemma A.2. Let ¢ > 0. The following estimate holds uniformly for 0 < T < 1:
lox P [W(P-8s0)]l 701 < CT V32, w)]k-

Proof. We can see using (3.43) of [37] that

1/2
2
[Jal £ (Z ||gN||L§L$O) lwilyoas lull o
N
1/2
1/2-3/8
<cr'? (Z ||gN||L2Lw) lwll ozl s,

and using estimate line 15 p 381 of [37] that

sl + 1| < (H(%) ~

L4+H(%)v
HAY
@)

)l (el s+l o).

(i)
(o)

By
(o)1/2+e

However

)

< CcTV/2-3/8-¢
iz

0,1/2—¢
X7

é CT]/S—F

272
LLE

1/2
< cr'/t- ( o) 712 SgNni%Lg)

1/2
<crl/iA- 8( r+§|§|>+2€ |gN(r,é)|2)

1/2
<cr'Ae ] ||gN||L2Lw) ,

which gives

1/2
J Jel £ cTl/8=¢ ( -1, )
[Isl + || £ anNHLsz lwlyor (el s + lull -

The result follows by duality. O
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Note that the two previous lemmas give Lemma 2.8.

Lemma A.3. Let N € N*. We have the following estimates, uniformly in N.

(), = S
=N Lo ™ \/N ’
[Poy (6% = )| < [+ 1F s + 1Bl ] IF — Pl

=N L=~ JN ’
and

SONFy . ONF) C

e —¢ S — |1+ IFillgr +1R2llg | I1F1 — B2l -

Lo \/ﬁ[ H H] H

Remark A.1. Note that these estimates are very close to the estimate

F
1P21 (¢2) =0 < CFll 2o

but uniform on the length A, as used by MOLINET [34].
This gain comes from the fact that the inequality is subcritical. Roughly speak-
ing, L scales like H'/? which gives a gain at high frequency.

Proof. We will mainly use the following estimate, which is only the Sobolev em-
bedding at high frequency:

too too 172 4o R c
I1Psy(Nllze < D | fm)] < (Z n—2) (> | fm]?)'? < NdLs
n=N

n=N n=N
(A.3)
. ) . Fp )
We apply this estimate to f = e'2 —e' 2 :
L Fy Py
(¢ )]
H =N ¢ L
C . Fl . Fy C . F| . Fy . F| . Fy
< iS5 _ 5 < im _ i iS5 _ i—
<l =% =75 (e % ot |arod * —acrd 7] )
C
S — (I1F1 = B2l g2 + | Fill gy min(1, | Fy = Fallg) + | Fall g 1 Fy = Fallgn)
\/N( L H H H H)

where, for the last estimate, we have used estimate (2.6) together with
Ly B

. . . F . F . F
@ FDe T = @F)e T = @uF) (67 =)+ F (R~ P,

This proves the second inequality of the lemma. The first estimate of the lemma
is a consequence of the previous inequality with F, = 0 using the fact that

Pon (¢5) = Pow (5 1)
G = P>y |e .
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The last inequality is proved using the Gagliardo-Nirenberg inequality on T,
that is

;N 9\20) ;N Al 9\20) FRY24 9\ 172 FRYZa
e —e S|le 2 —e 2 +le 2 —e 2
Lo L? H!
;OnF | 1/2
—e 2 .
L2

The previous computation shows that

;ONFI ONP2
) 2

[ = | S CUHIQnFillm + 108 Fallin ] 1 Q8 Fi= Qu Fal

SClL+1Flg + IFlm ] I1Fy = Fallg
but, the mean value theorem gives

l'QNFl l'QNFZ
e 2 — e 2

C
< - < Z\F —
2 SOV = F)ll2 = S lFr = Bl
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